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Abstract:

In (Ann. Math. Comp. Sc., 20, 82-97, 2024), Raji and Ibrahim introduced a new class of
contractions, termed modified a-F-weak contractions, and established fixed point results
in complete metric spaces, thereby extending the classical Banach contraction principle.
Building on this, the present paper introduces an extended F-weak contraction mapping
in ordered metric spaces and derives corresponding fixed-point results. The theoretical
contributions are further illustrated through numerical examples. As an application, we
demonstrate the existence and uniqueness of solutions to a first-order ordinary
differential equation subject to periodic boundary conditions.
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1 Introduction

Fixed point theory serves as a dynamic link between analysis and topology, providing a
robust analytical framework with applications ranging from pure mathematics to
practical problems in applied sciences. Its prominence largely stems from the classical
Banach contraction principle [3]. Following Banach, Wardowski [1] introduced a
significant reformulation through the concept of F-contraction, which employs an
auxiliary function to quantify how a mapping deviates from the fixed-point property
under certain conditions. Later, Wardowski [9] expanded this idea by introducing F~weak
contraction, thereby generalizing Banach’s principle in several directions. Subsequent
contributions enriched the field: Hussain et al. [19] proposed the notion of a-GF
contraction as a broader generalization of Fcontraction, establishing new fixed point
results. Gopal et al. [12] developed the concept of a-type F~contractions for self-mappings
in complete metric spaces and provided sufficient conditions for the existence and
uniqueness of fixed points. Additional generalizations can be found in [4,7,10,13,14,16].
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Fixed Point Results in Ordered Metric Spaces

More recently, Raji and Ibrahim [17] introduced a modified a- F~weak contraction for self-
mappings in metric spaces and established fixed point theorems in this setting. Building
on this line of research, we propose the notion of extended F~weak contraction mappings
in ordered-metric spaces and establish existence and uniqueness results for solutions of
first-order ordinary differential equations with periodic boundary conditions.
Furthermore, illustrative examples are presented to demonstrate the applicability of the
new theory.

Throughout the article, we denoted R is the set of all real numbers and S the collections
of all function ¢: R, - R, with lim tinf+ o(t) > 0foralls > 0.
-S

2 Preliminaries

This section begins with the introduction of the concept of F-contraction along with some
related definitions.

Definition 2.1 [12] Let F: (0, +) — R be a function satisfying the following conditions:
(F,) F is strictly increasing; that is, for all «, 8 € (0, +) with @ < 8, we have
F(a) < F(B).
(F,) For any sequence {ay, },ey Of positive numbers,

lim a, = 0ifand only lim F(a,) = —oo.
n—-oo

n—-oo

(F3) There exists k € (0,1) such that
: K —
nll,%l+ a*F(a) = 0.
Then, let F be the family of all functions F satisfying conditions (F;)- (F3).
Example 2.2 [11] The following functions F: (0, +o0) — R belongs to class of F:
() F(a) =Ina, a > 0;
. _ -1 )
(i) F(a) = o @ > 0;
(iii) Fla) =Ina+a, a > 0;
(iv) F(a) = In(a? + a), a > 0.

Definition 2.3 [2] Let (X, d) be a metric space. A mapping T: X — X is said to be an F-
contraction on X if there exist F € F and t > 0 such that, forall x,y € X with d(Tx,Ty) >
0, the following inequality holds:

T+ F(d(Tx,Ty)) < F(d(x,y)). (2.1)

Definition 2.4 [11] Let (X, d) be a metric space. A mapping T: X — X is said to be an F-
weak contraction on X if there exist F € F and t > 0 such that, for all x,y € X with
d(Tx,Ty) > 0, the inequality
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T+ F(d(Tx, Ty)) < F(M(x,y)) (2.2)

holds, where

d(x, Ty) + d(y, Tx)}
2

M(x,y) = max {d(x, v),d(x,Tx),d(y, Ty),

Remark 2.5 [11]. Every F-contraction is also an F-weak contraction; however, the
converse does not always hold. For more detailed examples, we refer the reader to [11].

Definition 2.6 [8] A mapping T: X — X is said to be a-admissible if there exists a function
a:X x X - R* such that

x,y€EX alx,y)=1= a(Tx,Ty) = 1. (2.3)

Definition 2.7[12] Let (X, d) be a metric space and T: X = X a mapping. The mapping T is
called an a-F -contraction on X if there exist T > 0, a function F € F, and a function
a:X XX - {—o}U (0,+o) such that for all x,y € X satisfying d(Tx,Ty) > 0, the
following condition holds:

T+ a(x, y)F(d(Tx, Ty)) < F(d(x, y)). (2.4)

Definition 2.8 [17] Let (X, d) be a metric space and T: X — X be a mapping. A mapping T
is said to be a modified a-F-weak contraction on X if there exist t > 0, a function F € F,
and a function a:X XX — {—} U (0,4o) such that for all x,y € X satisfying
d(Tx,Ty) > 0, the inequality

T+ a(x,y)F(d(Tx, Ty)) < F(M(x,y)), (2.5)

holds, where
M(x,y)

= max {d(x, y),d(x,Tx),d(y, Ty),

d(x,Tx)d(y, Ty) d(x, Tx)d(x,Ty) + d(y, Tx)d(y,Ty)
d(x,y) +d(x,Ty) + d(y,Tx)’ d(y,Tx) +d(x,Ty) }

Remark 2.9 [18] Every a - F -contraction can be regarded as a modified a - F -weak
contraction, however, the reverse implication does not always hold.

Definition 2.10 [6,8] A metric space (X, d) with partial order < is said to ordered metric
space and is denoted by (X, d, <). For arbitrary x, y € X and self mapping T on X, we say
that

(i) x, y are comparable if either x < yory < x.
(ii) T is increasing if Tx < Ty whenever x < y.
(iii) (X, d) is T-orbitally complete if every Cauchy sequence {T™x} converges in X.

(iv) X is regular if for every increasing sequence sequence {x,} in X with x,, » x, then
x, < xforalln €N,

Definition 2.11 Let (X, d) be a metric space, 0 € S and T: X = X be a mapping. A mapping
T is said to be an extended F -weak contraction on X if for all x,y € X satisfying
d(Tx,Ty) > 0and F € F, then
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o(d(x,y)) + F(d(Tx,Ty)) < F(M(x,y)), (2.6)
where
M(x,y)
B 4 I T, div. T d(x,Tx)d(y, Ty) d(x,Tx)d(x,Ty) + d(y, Tx)d(y,Ty)
- max{ (%, y),d(xT%),d(, Ty), d(x,y) +d(x,Ty) +d(y,Tx)’ d(y,Tx) +d(x,Ty) }

Definition 2.12[5, 15] An ordered metric space (X, d, <) is called <-regular if for every
increasing sequence {x, } in X with x,, - x, there exists a subsequence {xnk} of {x,}and a
positive integer k, such that x,, < x forall k = k.

3 Main Results

To begin this section, we state the following theorem by utilizing an extended F-weak
type contraction.

Theorem 3.1 Let (X, d, <) be an ordered metric space, * € Sand T: X —» X an extended
F-weak contraction. If d(X, d) is T-orbitally complete and F € F such that the following
conditions:

(i) there exists x; € X such that xy < Tx,,
(i) T is increasing,
(iii) X is <-regular, as F is continuous.

Then T has a fixed point x* € X and for any x, € X the sequence {T"x,},ey is convergent
to x*.

Prooflet x, € X suchthat x, < Tx,. We define a sequence {x,}in X by x,,,; = Tx,, forall
n € N U {0}. If there exists n € N U {0} for which x,,,; = x,,, then Tx,, = x,,. This proves
that x,, is a fixed point of T

Suppose that x,,; # x,, that is, d(Tx,, Tx,,+,) > 0 for every n € N. It follows from
condition (i) and (ii), that

xO < xl < xZ < Xn < Xn+1 < et (31)
On letting x = x,,_; and y = x,, in (2.6), we get

o(d(xp_1,%0)) + F(d(Txp—1,Txy)) < F(M (-1, %n)),

where
( d(xn—len): d(xn—erxn—l): d(xnr Txn)v ]
d(xn—lr Txn—l)d(xnr Txn)
M(xp—-1, %) = max d(p_1, %) + d(Xp_1, Txp) + d (o, Tx 1)’
d(xn—lJ Txn—l)d(xn—lr Txn) + d(xn: Txn—l)d(xn' Txn)
d(xp, Txp-1) + d(xp—q, Txp)
implies,

a(d(xn—l'xn)) + F(d(xn: xn+1)) < F(M(xn—lrxn));
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where
d(Xp-1,%n), d(Xn_1,Xn), d (X, Xp11),
d(xn—llxn)d(xnl xn+1)
M(xp_1,%y) = max d(Xn-1,%n) + d(xn_1, Xn41) + d(xy, xp) '
d(xn—lr xn)d(xn—li xn+1) + d(xn! xn)d(xnl xn+1)
d(xpn, Xn) + d(Xp_1,Xp41)

= max{d(xn—1, %), d (X1, Xn), d(Xn, Xn11), d (X1, X5), d(Xp_1, %n)}
= F(max{d(xn-1,Xn), d(Xn, Xn+1)}) (3.2)

Ifd(xp_q,xn) < d(xp,xn41) for somen € N, to get

F(d(xp, %ns1)) < F(d(tn, Xn41)) = 0(d (o1, %)),
which is a contradiction, since o(d(x,,_1, x,)) > 0. Hence,

F(d(xp, Xp41)) < F(d(xn-1, %)) — 0 (d (-1, %))
By induction, we get for alln € N

F(d(xp, xn41)) < F(d(x0,%1)) — no(d(xo,%1)) (3.3)
On taking limitas n — o in (3.3), we get
F(d(xn Xn41)) = — (3.4)

Now, consider (3.4) and (F,), we have

lim d(x,, x,4+1) = 0. (3.5)

n—-oo

To show that the sequence {x,} is Cauchy. Assume that there exists € > 0 and two
subsequences {x,, } and {x,, } of {x,,} such that for all k € N,

n, >my = k,d(xnk,xmk) =€

and
d(Xn,—1,%m, ) < €.
Then,
€ < d(xp Xm, ) < d (%, Xn—1) + d(Xn—1,%m, ) < d(Xp Xn-1) + €
implies,
lim d(x,, xm,) = €. (3.6)

Again, we get

€ < d(xny Xn41) + A(Xngr 1 Xmpr1) + (1 Xmy,) (3.7)

Letting k — oo in (3.7), we have

€< lllgrlglfd(xnkﬂ, xmk+1).
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Similarly, we get

€< llgglfd(xnkﬂ,xmk) ande < hlgrl)glfd(xmkﬂ,xnk).

Implies there exists [ € N for all k > [ with d(xnk+1,xmk+1) >0, d(xnk+1,xmk) > 0 and
d(xmk+1,xnk) > 0. Then, for all k > [ and setting x = x,,,and y = x,,, in (2.6), we have

o (d(xnk,xmk)) +F (d(Txnk,Txmk)) <F (M(xnk,xmk)), (3.8)
where
( d(xnk, xmk), d(xnk, Txnk), d(xmk, Txmk), )
d(xnk' Txnk)d(xmk' Txmk)
M (%, X, ) = max < d (X, Xmy ) + d (g, Ty, ) + d(Xmy Txn,) >
d(xn,, Totn, )d (%, Ty, ) + d (X, Ty, )d (X Ty, )
\ d(xmk,Txnk) + d(xnk,Txmk)

d(xnk' xmk)’ d(xnk’ xnk+1)' d(xmk’ xmk+1)’

d(xnk' xnk+1)d(xmk' xmk+1)

< max 1 d(xnk,xmk) + d(xnk,xmk) + d(xmk,xmk+1) + d(xmk,xnk) + d(xnk,xnk+1)'
d(xnk‘xnk+1)[d(xnk'xmk) + d(xmk’xmk+1)] + [d(xmk'xnk) + d(xnk’xnk+1)]d(xmk’xmk+1)

\ d(xmk’xnk) + d(xnk’xnk‘l'l) + d(xnk’xmk) + d(xmk’xmk‘l'l)

Using the definition of ¢, the continuity of F and taking the limitas k — oo in (3.8), we get
F(e) < Jim info (d(xmk,xnk)) + F(e) < F(e),

a contradiction. Implies {x,,} is Cauchy sequence with limit x € X.

To show the fixed point of X.suppose x,, = Tx for infinitely many n € N, then we have the
existence of subsequence of {x,,} which converges to Tx and the uniqueness of the limit
validate the proof. Hence, assume x, # Tx for all n € Ny. Using the fact that X is <-
regular, there exists a subsequence {xnk} of {x,} with a positive integer k, such that
Xn, = x forallng, = k.

Setx = x,, and y = x* for n, = kg in (2.6), we have

o (d(xnk,x*)) +F (d(xnk+1,Tx*)) <F (M(xnk,x*)), (3.9
where
M(xnk’x*)
d(xn ,Txy, )d(x*,Tx*)
d ) * ,d ,T ,d *,T * ) k k ,
(omgo 67, (ony Tt ), 407, T d(xp,, x*) + d(xn,, Tx*) + d(x*, Txy,)
= max

d(xnk, Txnk)d(xnk, Tx*) + d(x*, Txnk)d(x*, Tx")
d(x*,Txnk) + d(xnk,Tx*)
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d(%p,, X, +1)d(x", Tx*)

d , * ,d , ,d *,T * , k k ,
(ni 2), (g Xm0, 407, T d(xp, x*) + d (o, Tx*) + d(x*, X, 41)
d(xnk,xnk+1)d(xnk, Tx*) + d(x*,xnk+1)d(x*, Tx™)

d(x*, xnk+1) + d(xnk,Tx*)

= max

Lettingn — o in (3.9), we get

0 < lim d(Xng;‘f)ﬁM o (d (e, x) + F(d(x*, Tx)) < F(d(x", Tx")),

a contradiction. Thus, d(x*, Tx*) = 0, thatis, Tx* = x*. Hence, x* is the fixed point of T.

The following resultis considered by omitting the continuity hypothesis of F and replaced
with the continuity of T as,

Theorem 3.2 Let (X, d, <) be an ordered metric space, € SandT: X - X an extended
F-weak contraction. If d(X, d) is T-orbitally complete and F € F such that the following
conditions:

(i) there exists x; € X such that xy < Tx,,
(i) T is increasing,
(iii) X is <-regular, as T is continuous.

Then T has a fixed point x* € X and for any x, € X the sequence {T"x},ey iS convergent
to x*.

ProofThe proof is same as Theorem 3.1 to (3.5),
Tlll_{{)lo d(xp, Xn+1) = 0.
From (F3), there exists k € (0,1) such that
lim (0t x10) F(d0t x1)) ) = 0. (3.10)
Again, from (3.3), for alln € N, we have
(d(xn' xn+1))k[F(d(xn, xn+1)) - F(d(xolxﬂ)]
< —(d(xn,xn+1))kn0d(x0,x1) <0. (311)

Using (3.5), (3.9) and letting the limit as n — oo in (3.10), we get

rlll_r>r010 (ncrd(xo,xl)(d(xn,xn+1))k) = 0. (3.12)
Hence, there exists n; € N such that n(d (xn, xn+1))k < 1foralln = ny4, so that,

d(xp, Xpiq) < %/k foralln > n;. (3.13)
n
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To show the existence of Cauchy sequence, we consider m,n € N, withm > n > n4, by
using (3.11) and the triangle inequality, we get
d(xn: xm) = d(xn: xn+1) + e+ d(xm: xm+1)

oo

Z‘” Z 1
< d(xini+1) < '1/ .
i=1 L7k

(3.14)
As the series 2?11% is convergent, letting the limit as m,n — oo, to get
l
lim d(x,,x,;,)=0. (3.15)
m,n—co

Which proves that {x,,} is Cauchy sequence in X.

Since X is T -orbitally complete, there exists x* € X such that lir_P X, = x*. Then, the
n—->+oo

continuity of T implies

x* = lim x4,
n—oo

=T (Jim x)
=Tx". (3.15)
Thus, Tx* = x*. Hence, x™ is the fixed point of T.

Example 3.3 Let X = [0,2] with the usual metric d(u,v) = |u — v|. Define the partial
order < by

x<yex<yand U=[01],V = (1%] and W = GZ]

Let F € F be define by F(s) = —% (s>0)and e(t) = % (t = 0).Define T: X = X by

9

T for x € U;
T() = 2, forxeV;

2 forxeWw

Then T is <-increasing. We consider the two cases to validate the extended F-weak
contraction on X in inequality (2.6) for every pair (x, y) with d(Tx, Ty) > 0.

5 5

Thus

1

F(d(rxTy) = F(3) = N ~5, o(dxy)) =1,
5

so the left hand side (L.H.S) of (2.6) is
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1 1 1
a(d(x,y)) + F(d(Tx, Ty)) =1 +F (g) =1 V5.

The right hand side R.H.S, M(x, y) with x € U and y € V, we have

dix,y) =y —x
dx,Ty) =|x—-2|=2—-x

de Tx) = 9_9
(x, x)—|x c| =g *

Ay, Ty)=ly—-2|=2-y

d( T)—| 9|_9
PI=P Y T
Hence, for every x € U and y € V, we have
d( T)—9 1—4 d(y,Ty) =2 3_1
x'x_s _5' »ity) = 2_2;
9 3 3
d(xTy)=2-1=1, AT =5-5=1y

and d(x,y) = 0. Therefore,

d(x, Tx)d(y, Ty)

{d(x,y),d(x, ), d(, Ty)'d(x,y) +d(x,Ty)+dy,Tx)"| _ f

M(xy) = max d(x, Tx)d(x,Ty) + d(y, Tx)d(y, Ty) 5
d(y,Tx) + d(x,Ty)
Consequently,
1 V5
F(M(x,y))<F (—) = =——
4 2
/
5
To compare the L.H.S and R.H.S. We need to show
V5
——V5<—-—,
2
Equivalent to
V5 1
< —
2 - V5 4

Therefore, for every x € U and y € V, we have

o(d(x,y)) + F(d(Tx,Ty)) < F(M(x,3))

Case 2: Again with x € V.and y € W. For these pairs T(x) =T(y) = 2,s0d(Tx,Ty) =0
and the hypothesis of (2.6) which is require when d(Tx, Ty) > 0 does not apply. Thus, T
satisfies (2.6) for every pair with d(Tx,Ty) > 0, that is, T is an extended F -weak
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contraction on X. By Theorem 3.1 (or Theorem 3.2 under the continuity hypothesis), T
has a fixed point x* € X and for any x, € X the sequence {T"x,},cy iS convergent to x*.

High-Resolution 3D Display of F(M(x,y)) and LHS Plane
(Example 3.3)

-0.75

—0.80

-0.85

-0.90 =~

Mix.y)

-0.95 &

anjeA suejd SH pue (A" x)l)4

-1.00

-1.05

-1.10

A 3-D display that visualizes the surface z = F(M(x,y)) overx € U = [0,1]andy € V =

(1,3/2], together with the constant LHS plane o(d(x,y)) + F(d(Tx,Ty)), which is
constant because d(Tx,Ty) = 1/5forx e U,y € V.

The plot shows the lower flat plane is the LHS value 1/4 + F(1/5) and the curved surface
above itis F(M(x,y)). Wherever the surface is above the plane the inequality

o(d(x,y)) + F(d(Tx,Ty)) < F(M(x,y))
holds (as required for the extended F-weak contraction).

Next, to prove the existence of uniqueness result, we will consider the following
hypothesis of the Theorem:

S: Fix(T) = {x € X,Tx = x} is a totally ordered set

Theorem 3.4 Adding condition (S) to the hypothesis of Theorem 3.1 (respectively
Theorem 3.2), then T has a uniqueness of fixed point.

Proof Suppose that y* is another fixed point Fix(T), that is d(x*, Ty*) = d(x*,y*) > 0.
Then from (2.6), we get

a(d(x*,y*)) + F(d(x*,y*)) < a(d(x*,y*)) + F(d(Tx*, Ty*)),
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<

* : * * * * d(x*,Tx")d(y*,Ty")
d(x ly )'d(x 'Tx )'d(y 'Ty )' d(x*,y*)+d(x*,Ty*)+d(y*,Tx*)’

d(x*,Tx*)d(x*,Ty")+d(y*,Tx")d(y",Ty")
d(y*Tx*)+d(x*Ty*)

= F(d(x*, ),

F| max

a contradiction. Implies d(x*,y*) = 0, thatis, x* = y~.

4 Application

As an application of our results, we establish the existence of solution of first order
periodic boundary value problem with respect to its upper or lower solution.

{g’(s) = T(s,g(s)), sel=1]0,5]
g(0) = g(S).

whereT:t X R — R is a continuous function and S > 0.

(4.1)

Suppose C(I) is the space of all continuous functions define on I. In the sequel, we begin
with the following definitions.

Definition 4.1 [17] A function u € C'(I) is referred to as a lower solution of (4.1), if

{y’(s) < T(s,,u(s)),x el
u(0) < u(s).

Definition 4.2 [17] A function p € €'(I) is referred to as an upper solution of (4.1), if

{u’(s) >T(s,u(s)),x €l
p(0) = u(s).

Theorem 4.3 In view of condition (4.1). Suppose the following hold:
(i) for all x,y € Rwith x < y, there exists T > 0 such that
0<T(s,y)+e Ty—[T(s,x)+e x| <e “(y —x)

(ii) for all x,y € R and for all s € I with w(a, b) = 0, there exists a function w: R? -» R
such that

s _
w (fo H(s,0)|T(t,g(®) + e Tg(t)|dt,,u(s)) >0,
where u € €' (1) is the lower solution of (4.1).

(iii) there exists W(x(s), y(s)) >0, forall s € I and x,y € C'(I) such that

S S
w <f H(s, D)|T(t, x(1)) + e "x(t)|dg, f H(s, O)|T(t,y(®)) + e_Ty(t)|dt) >0
0 0

(iv) foralln € N, x,, » x € €¢'(I) and w(xy,41,X,) = 0 implies w(x,, x) = 0.

Then, the existence of a lower solution of (4.1), thereby ensures the existence and
uniqueness of a solution of (4.1).

ProofThe condition (4.1) can be rewritten as
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{g’(s) +e7Tg(s) = T(s,g(s)) +e7"g(s)foralls €1 (4.2)
9(0) = g(5)

with the integral equation form as
s
9(s) = f H(s, O[T(t,9(8) + e "g(D)]dt
0

(4.3)

Let @ = e~". The integrating factor of g'(s) + ag(s) = f(s) is e*S. Solving with periodic
boundary condition g(0) = g(S) gives the Green's function

ea(S+t—s)
—_— 0<t<s<S
_ eaS_l ’ - -
H(s,t) = ea(t=s)
oas — 1’ 0<s<t<Ss.

The function X: €(I) — C(I) is defined for all s € I as

S
Xg)(s) = f H(s,t) [T(t,g(t)) + e_Tg(t)]dt.
0

(4.4)

If g € C(I) is a fixed point of X, then g € C'(I) is a solution of (4.3), implies the solution
of (4.1).

The metric d on C(I) is defined for all g, h € C(I) as

d(g,h) = sstéglg(S) — h(s)|.

(4.5)
By C(I), we define a partial order < for all s € C(I) as

ghec):gshe g(s) <h(s) (4.6)

(€(),d, <) is clearly a complete ordered metric space. To verify other conditions of
Theorem 3.1, we consider the following cases:

Case 1: suppose u € C'(I) is a lower solution of (4.1) for all s € C(I), then
w(s)+eTuls) < T(s,y(s)) + e Tu(s).
By multiplying through by e®” s for all s € C(I), we get
(u(s)e"’_rs)t < [T(s,u(s)) + e_Ty(s)]ee_Ts

so thatforall s € C(I),

u(s)e®s < pu(0) + j [T(s, 1(s)) + e "u(s)]e® "*dt.
0
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(4.7)

Since u(0) < u(S),
s
n(0)e®™™S < u(S)e¢ ™ < p(0) + f [T(t,1(®) + e~"u()]e® "tdt
0

then,
S ee_Tt
u(0) < f W [T(t,,ll(t)) + e_T,u(t)]dt.
0
(4.8)
By using (4.7) and (4.8), we get

e Tt

S N
u(s)ee s < fo eeiTl [T(t, u@®) + e "u(®)]dt + fo e T (6, u(®) + e Tu(t)]dt

s ee‘T(S+t) S ee‘Tt
< fo ] [T(t, 1u(®)) + e~ "u(®)]dt + fs S [T(t, u(®) + e "u(t)]dt

implies forall s € I,
s ee'T(S+t—s) S ee_r(t—s)
pu(s) < fo ST [T(t, u(@®) + e "u()]dt + fs S [T(t, u@®) + e "u(t)]de

= [ H(s, D[T(t, g(®) + e "g(®)]dt
= (Xw(s)

which show that u < X(u).

Case 2: Let g, h € C(I) such that g < h, then by condition (4.2) for all s € I, we get

T(s,g(s)) +e7"g(s) < T(s, h(s)) + e "h(s) (4.9)

By using (4.4), (4.9) with H(s,t) > 0 for (s,t) € I X I,

Xg)(s) = [T H(s, O[T(t, g(®) + e "g(®)]dt
< fSH(s, O[T (t,h(@®)) + e "h(1)]dt
0

= (Xh)(s)
forall s € I, by (4.6), we have X(g) < X(h) which implies X is increasing.

Case 3: Let an increasing sequence {g,,} € C(I) be such that g,, » g € C(I), then for each
s € I,{gn(s)}is a sequence in R converging to g(s). Thus, for all s € I and for alln € N,
In(s) < g(s) foralln € Ny which implies C(I) is <-regular.

To show that X is F-contraction for some F € F. Let g,h € C(I) such that g < h. With
(4.2),(4.4) and (4.5),
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d(Xg,Xh) = sup|(Xg)(s) — (XR)(s)| = sstéy((Xh)(s) - (Xg9)(s)
< sup [ H(s, D[T(t,h(D)) + e Th(t) = T(t, g(t)) — e "g()]dt
N3
< sup [ H(s, O[h() — g(®)]dt

= e %d(g, h)sup f;H(s, t)dt
SEI

R 1 e T(S+t-s) $ e T(t-s)
= d(g,h)sup e_TS 1( e ]0+e_1 ] )

= e7%d(g, h) = (e — 1)

=e "d(g,h)
( d(x", Tx")d(y", Ty")
* * * T * * T *
Ay G T A0S YD Gy Y aGe, Ty + dG Ty’
d(x*,Tx")d(x*, Ty") +d(y*, Tx")d(y*, Ty")
d(y*, Tx*) +d(x*,Ty*)

< e "max

Since for all g,h € C(I) with g < h we have d(Xg,Xh) < e *d(g,h) and e™* < 1, the
operator X is a strict contraction in the ordered sense. Choosing F(s) =In(1 + s)
(continuous and increasing on [0, 0)) and o = 0 yields

F(d(Xg,Xh)) < F(e™"d(g,h)) < F(M(g,h)),

so (2.6) holds. Therefore, all hypotheses of Theorem 3.1 are satisfied and X has a unique
fixed point in the monotone orbit issued from the lower solution u. Moreover, the
monotone iterates X" u converge to this fixed point, giving the desired periodic solution.

Conclusion

In this paper, we explored the concept of F-metric spaces to establish some fixed point
results for an extended Fweak contraction mapping in ordered metric spaces. The
theoretical contributions are further illustrated through numerical examples. As an
application, we demonstrated the existence and uniqueness of solutions to a first-order
ordinary differential equation subject to periodic boundary conditions.
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  d  (   x  n ,   x  m ) ≤ d  (   x  n ,   x  n + 1 ) + … + d  (   x  m ,   x  m + 1 )


  <   ∑  i = 1 ∞  d  (   x  i ,   x  i + 1 ) ≤   ∑  i = 1 ∞   1    i   1  k .


  <   ∑  i = 1 ∞  d  (   x  i ,   x  i + 1 ) ≤   ∑  i = 1 ∞   1    i   1  k .


   ( 3 . 14 )


   ( 3 . 14 )


    ∑  i = 1 ∞   1    i   1  k


  m , n → ∞


     lim  m , n → ∞ ⁡  d  (   x  n ,   x  m ) = 0 .


   ( 3 . 15 )


   {   x  n }


  X .


  X


  T


    x ∗ ∈ X


     lim  n → + ∞ ⁡    x  n =   x ∗ .


  T


    x ∗ =    lim  n → ∞ ⁡    x  n + 1


  = T  (    lim  n → ∞ ⁡    x  n )


  = T   x ∗ .


   ( 3 . 15 )


    T x ∗ =   x ∗ .


    x ∗


  T .


  X =  [ 0 , 2 ]


  d  ( u , v ) =  | u − v | .


  ≼


  x ≼ y ⟺ x ≤ y


  U =  [ 0 , 1 ] , V =   ( 1 ,  3 2 ]


  W  =  (  3 2 , 2 ]


  F ∈ ℱ


  F  ( s ) = −  1   s


   ( s > 0 )


  ℴ  ( t ) =  1 4


   ( t ≥ 0 )


  T : X → X


  T  ( x ) =  {     9 5 ,  f o r   x ∈ U ;   2 ,  f o r   x ∈ V ;   2  f o r   x ∈ W .


  T


  ≼


  F


  X


   ( 2 . 6 )


   ( x , y )


  d  ( T x , T y ) > 0


  x ∈ U   a n d   y ∈ V


  d  ( T x , T y ) =  |  9 5 − 2 | =  1 5 .


  F  ( d  ( T x , T y ) ) = F  (  1 5 ) = −  1    1 5 = −  5


  ℴ  ( d  ( x , y ) ) =  1 4


   ( 2 . 6 )


  ℴ  ( d  ( x , y ) ) + F  ( d  ( T x , T y ) ) =  1 4 + F  (  1 5 ) =  1 4 −  5   .


  M  ( x , y )


  x ∈ U   a n d   y ∈ V


  d  ( x , y ) = y − x


  d  ( x , T y ) =  | x − 2 | = 2 − x  


  d  ( x , T x ) =  | x −  9 5 | =  9 5 − x  


  d  ( x , T x ) =  | x −  9 5 | =  9 5 − x  


  d  ( y , T y ) =  | y − 2 | = 2 − y


  d  ( y , T y ) =  | y − 2 | = 2 − y


  d  ( y , T x ) =  | y −  9 5 | =  9 5 − y .


  d  ( y , T x ) =  | y −  9 5 | =  9 5 − y .


  x ∈ U   a n d   y ∈ V


  d  ( x , T x ) =  9 5 − 1 =  4 5 ,                                                 d  ( y , T y ) = 2 −  3 2 =  1 2 ,


  d  ( x , T y ) = 2 − 1 = 1 ,                                                 d  ( y , T x ) =  9 5 −  3 2 =  3 10 ,


  d  ( x , T y ) = 2 − 1 = 1 ,                                                 d  ( y , T x ) =  9 5 −  3 2 =  3 10 ,


  d  ( x , y ) ≥ 0 .


  M  ( x , y ) = m a x  {    d  ( x , y ) , d  ( x , T x ) , d  ( y , T y ) ,   d  ( x ,   T x ) d  ( y ,   T y )  d  ( x , y ) + d  ( x ,   T y ) + d  ( y ,   T x ) ,     d  ( x , T x ) d  ( x , T y ) + d  ( y , T x ) d  ( y , T y )  d  ( y , T x ) + d  ( x , T y ) } =  4 5 .


  F  ( M  ( x , y ) ) ≤ F  (  4 5 ) = −  1    4 5 = −    5 2 .


   1 4 −  5 ≤ −    5 2 ,


     5 2 ≤  5 −  1 4 .


  x ∈ U   a n d   y ∈ V


  ℴ  ( d  ( x , y ) ) + F  ( d  ( T x , T y ) ) ≤ F  ( M  ( x , y ) )


  x ∈ V   a n d   y ∈ W


  T  ( x ) = T  ( y ) = 2 ,


  d  ( T x , T y ) = 0


   ( 2 . 6 )


  d  ( T x , T y ) > 0


  T


   ( 2 . 6 )


  d  ( T x , T y ) > 0


  T


  F


  X .


  T


    x ∗ ∈ X


    x 0 ∈ X


     {   T  n   x 0 }  n ∈ ℕ


    x ∗


  z = F ( M ( x , y ) )


  x ∈ U = [ 0 , 1 ]


  y ∈ V = ( 1 , 3 / 2 ]


  o ( d ( x , y ) ) + F ( d ( T x , T y ) )


  d ( T x , T y ) = 1 / 5


  x ∈ U , y ∈ V


  1 / 4 + F ( 1 / 5 )


  F ( M ( x , y ) )


  o ( d ( x , y ) ) + F ( d ( T x , T y ) ) ≤ F ( M ( x , y ) )


  F


  F i x  ( T ) ≔  { x ∈ X ,   T x = x }


  T


    y ∗


  F i x  ( T )


  d  (   x ∗ , T   y ∗ ) = d  (   x ∗ ,   y ∗ ) > 0 .


   ( 2 . 6 )


  ℴ  ( d  (   x ∗ ,   y ∗ ) ) + F  ( d  (   x ∗ ,   y ∗ ) ) ≤ ℴ  ( d  (   x ∗ ,   y ∗ ) ) + F  ( d  ( T   x ∗ , T   y ∗ ) ) ,


  ≤ F  ( m a x  {    d  (   x ∗ ,   y ∗ ) , d  (   x ∗ , T   x ∗ ) , d  (   y ∗ , T   y ∗ ) ,   d  (   x ∗ ,   T   x ∗ ) d  (   y ∗ ,   T   y ∗ )  d  (   x ∗ ,   y ∗ ) + d  (   x ∗ ,   T   y ∗ ) + d  (   y ∗ ,   T   x ∗ ) ,     d  (   x ∗ , T   x ∗ ) d  (   x ∗ , T   y ∗ ) + d  (   y ∗ , T   x ∗ ) d  (   y ∗ , T   y ∗ )  d  (   y ∗ , T   x ∗ ) + d  (   x ∗ , T   y ∗ ) } )


  = F  ( d  (   x ∗ ,   y ∗ ) ) ,


  d  (   x ∗ ,   y ∗ ) = 0


    x ∗ =   y ∗


   {      g ′  ( s ) = T  ( s ,   g  ( s ) ) ,      s ∈ I =  [ 0 , S ]   g  ( 0 ) = g  ( S ) .                                                                      ( 4 . 1 )


  T : t × ℝ → ℝ


  S > 0


  𝒞  ( I )


  I


  𝜇 ∈   𝒞 ′  ( I )


   ( 4 . 1 )


   {      𝜇 ′  ( s ) ≤ T  ( s , 𝜇  ( s ) ) ,   x ∈ I   𝜇  ( 0 ) ≤ 𝜇  ( S ) .


  𝜇 ∈   𝒞 ′  ( I )


   ( 4 . 1 )


   {      𝜇 ′  ( s ) ≥ T  ( s , 𝜇  ( s ) ) ,   x ∈ I   𝜇  ( 0 ) ≥ 𝜇  ( S ) .


   ( 4 . 1 )


  x , y ∈ ℝ


  x ≤ y


  𝜏 > 0


  0 ≤ T  ( s , y ) +   e  − 𝜏 y −  [ T  ( s , x ) +   e  − 𝜏 x ] ≤   e  − 𝜏  ( y − x )


  x , y ∈ ℝ


  s ∈ I


  w  ( a , b ) ≥ 0


  w :  ℝ 2 → ℝ


  w  (   ∫ 0  S  H  ( s , t )  | T  ( t , g  ( t ) ) +   e  − 𝜏 g  ( t ) | d t , 𝜇  ( s ) ) ≥ 0 ,


  𝜇 ∈   𝒞 ′  ( I )


   ( 4 . 1 )


  w  ( x  ( s ) , y  ( s ) ) ≥ 0


  s ∈ I


  x , y ∈   𝒞 ′  ( I )


  w  (   ∫ 0  S  H  ( s , t )  | T  ( t , x  ( t ) ) +   e  − 𝜏 x  ( t ) | d t ,       ∫ 0  S  H  ( s , t )  | T  ( t , y  ( t ) ) +   e  − 𝜏 y  ( t ) | d t ) ≥ 0


  n ∈ ℕ


    x  n → x ∈   𝒞 ′  ( I )


  w  (   x  n + 1 ,   x  n ) ≥ 0


  w  (   x  n , x ) ≥ 0


   ( 4 . 1 )


   ( 4 . 1 ) .


   ( 4 . 1 )


   {      g ′  ( s ) +   e  − 𝜏 g  ( s ) = T  ( s , g  ( s ) ) +   e  − 𝜏 g  ( s )   for   all   s ∈ I   g  ( 0 ) = g  ( S )


   ( 4 . 2 )


  g  ( s ) =   ∫ 0  S  H  ( s , t )  [ T  ( t , g  ( t ) ) +   e  − 𝜏 g  ( t ) ] d t


   ( 4 . 3 )


  𝛼 =   e  − 𝜏


    g ′ ( s ) + 𝛼 g ( s ) = f ( s )


    e  𝛼 s


  g ( 0 ) = g ( S )


  H  ( s , t ) =  {        e  𝛼  ( S + t − s )    e  𝛼 S − 1 ,      0 ≤ t < s ≤ S ,       e  𝛼  ( t − s )    e  𝛼 S − 1 ,      0 ≤ s < t ≤ S .


  X :   𝒞  ( I ) → 𝒞  ( I )


  for   all   s ∈ I


   ( X g )  ( s ) =   ∫ 0  S  H  ( s , t )  [ T  ( t , g  ( t ) ) +   e  − 𝜏 g  ( t ) ] d t .


   ( 4 . 4 )


  g ∈ 𝒞  ( I )


  X


  g ∈   𝒞 ′  ( I )


   ( 4 . 3 )


   ( 4 . 1 )


  d


  𝒞  ( I )


  for   all   g , h ∈ 𝒞  ( I )


  d  ( g , h ) =    sup  s ∈ I ⁡   | g  ( s ) − h  ( s ) | .


   ( 4 . 5 )


  𝒞  ( I )


  ≼


  for   all   s ∈ 𝒞  ( I )


  g , h ∈ 𝒞  ( I ) :   g ≼ h ⟺   g  ( s ) ≤ h  ( s )


   ( 4 . 6 )


   ( 𝒞  ( I ) , d , ≼ )


  𝜇 ∈   𝒞 ′  ( I )


   ( 4 . 1 )


  for   all   s ∈ 𝒞  ( I )


    𝜇 ′  ( s ) +   e  − 𝜏 𝜇  ( s ) ≤ T  ( s , 𝜇  ( s ) ) +   e  − 𝜏 𝜇  ( s ) .


    e    e  − 𝜏 s


  for   all   s ∈ 𝒞  ( I )


     ( 𝜇  ( s )   e    e  − 𝜏 s )  t ≤    [ T  ( s , 𝜇  ( s ) ) +   e  − 𝜏 𝜇  ( s ) ] e    e  − 𝜏 s


  for   all   s ∈ 𝒞  ( I )


  𝜇  ( s )   e    e  − 𝜏 s ≤ 𝜇  ( 0 ) +   ∫ 0  s     [ T  ( s , 𝜇  ( s ) ) +   e  − 𝜏 𝜇  ( s ) ] e    e  − 𝜏 s d t .


   ( 4 . 7 )


  𝜇  ( 0 ) ≤ 𝜇  ( S )


  𝜇  ( 0 )   e    e  − 𝜏 S ≤ 𝜇  ( S )   e    e  − 𝜏 S ≤ 𝜇  ( 0 ) +   ∫ 0  S     [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] e    e  − 𝜏 t d t


  𝜇  ( 0 ) ≤   ∫ 0  S      e    e  − 𝜏 t    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t .


   ( 4 . 8 )


   ( 4 . 7 )


   ( 4 . 8 )


  𝜇  ( s )   e    e  − 𝜏 s ≤   ∫ 0  S      e    e  − 𝜏 t    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t +   ∫ 0  s    e    e  − 𝜏 t  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t


  ≤   ∫ 0  s      e    e  − 𝜏  ( S + t )    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t +   ∫  s  S      e    e  − 𝜏 t    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t


  ≤   ∫ 0  s      e    e  − 𝜏  ( S + t )    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t +   ∫  s  S      e    e  − 𝜏 t    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t


  s ∈ I


  𝜇  ( s ) ≤   ∫ 0  s      e    e  − 𝜏  ( S + t − s )    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t +   ∫  s  S      e    e  − 𝜏  ( t − s )    e    e  − 𝜏 S − 1  [ T  ( t , 𝜇  ( t ) ) +   e  − 𝜏 𝜇  ( t ) ] d t


  =   ∫ 0  S  H  ( s , t )  [ T  ( t , g  ( t ) ) +   e  − 𝜏 g  ( t ) ] d t


  =  ( X 𝜇 )  ( s )


  𝜇 ≼ X  ( 𝜇 ) .


  g , h ∈ 𝒞  ( I )


  g ≼ h


   ( 4 . 2 )


  s ∈ I


  T  ( s , g  ( s ) ) +   e  − 𝜏 g  ( s ) ≤ T  ( s , h  ( s ) ) +   e  − 𝜏 h  ( s )


   ( 4 . 9 )


   ( 4 . 4 ) ,    ( 4 . 9 )


  H  ( s , t ) > 0


   ( s , t ) ∈ I × I


   ( X g )  ( s ) =   ∫ 0  s  H  ( s , t )  [ T  ( t , g  ( t ) ) +   e  − 𝜏 g  ( t ) ] d t


  ≤   ∫ 0  s  H  ( s , t )  [ T  ( t , h  ( t ) ) +   e  − 𝜏 h  ( t ) ] d t


  =  ( X h )  ( s )


  s ∈ I


   ( 4 . 6 )


  X  ( g ) ≼ X  ( h )


  X


   {   g  n } ∈ 𝒞  ( I )


    g  n → g ∈ 𝒞  ( I )


  s ∈ I


   {   g  n  ( s ) }


  ℝ


  g  ( s )


  s ∈ I


  n ∈ ℕ


    g  n  ( s ) ≤   g  ( s )


  n ∈  ℕ 0


  𝒞  ( I )


  ≼


  X


  F


  F ∈ ℱ


  g , h ∈ 𝒞  ( I )


  g ≼ h


   ( 4 . 2 ) ,    ( 4 . 4 )


   ( 4 . 5 )


  d  ( X g , X h ) =    sup  s ∈ I ⁡   |  ( X g )  ( s ) −  ( X h )  ( s ) | =    sup  s ∈ I ⁡   (  ( X h )  ( s ) −  ( X g )  ( s ) )


  ≤  sup  s ∈ I   ∫ 0  s  H  ( s , t )  [ T  ( t , h  ( t ) ) +   e  − 𝜏 h  ( t ) − T  ( t , g  ( t ) ) −   e  − 𝜏 g  ( t ) ] d t


  ≤  sup  s ∈ I   ∫ 0  s  H  ( s , t )  [ h  ( t ) − g  ( t ) ] d t


    = e  − 𝜏 d  ( g , h )  sup  s ∈ I   ∫ 0  s  H  ( s , t ) d t


    = e  − 𝜏 d  ( g , h )  sup  s ∈ I  1    e    e  − 𝜏 S − 1  (     1    e  − 𝜏   e    e  − 𝜏  ( S + t − s ) ] 0  s +     1    e  − 𝜏   e    e  − 𝜏  ( 𝜏 − s ) ]  s  S )


    = e  − 𝜏 d  ( g , h )  1    e    e  − 𝜏 S − 1  (   e    e  − 𝜏 S − 1 )


    = e  − 𝜏 d  ( g , h )


    ≤ e  − 𝜏 m a x  {    d  (   x ∗ ,   y ∗ ) , d  (   x ∗ , T   x ∗ ) , d  (   y ∗ , T   y ∗ ) ,   d  (   x ∗ ,   T   x ∗ ) d  (   y ∗ ,   T   y ∗ )  d  (   x ∗ ,   y ∗ ) + d  (   x ∗ ,   T   y ∗ ) + d  (   y ∗ ,   T   x ∗ ) ,     d  (   x ∗ , T   x ∗ ) d  (   x ∗ , T   y ∗ ) + d  (   y ∗ , T   x ∗ ) d  (   y ∗ , T   y ∗ )  d  (   y ∗ , T   x ∗ ) + d  (   x ∗ , T   y ∗ ) }


  g , h ∈ C ( I )


  g ⪯ h


  d ( X g , X h ) ≤   e  − 𝜏 d ( g , h )


    e  − 𝜏 < 1


  X


  F ( s ) = ln ⁡ ( 1 + s )


  [ 0 , ∞ )


  o ≡ 0


  F ( d ( X g , X h ) ) ≤ F (   e  − 𝜏 d ( g , h ) ) ≤ F ( M ( g , h ) ) ,


  X


  𝜇


    X  n 𝜇


  𝓕

