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Abstract

We investigate the epidemiology of typhoid fever and HIV/AIDs co-infection using a
fractional-order model, to understand how treatment affects the transmission of these
diseases. In this study we establish situations where solutions exist and are unique and it
looks at the stability of the endemic equilibrium by using the Lyapunov function. Applying
the fractional Adams—Bashforth—-Moulton method, numerically simulations show how the
disease is controlled and spread by the chosen parameters. Numerical simulations, suggest
that when people have more contacts and treatment is less effective, there is a higher chance
of typhoid fever and HIV/AIDs co-infection. Optimizing how treatments are given can

greatly limit the spread of the infection in the human population.
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Introduction

To fully understand the effects of infectious diseases, we need a global effort looking at how
micro-host, host-host and current social, economic and population factors relate. Severe
medical issues called Typhoid fever are caused by infections with the Salmonella typhoid
bacteria. WHO evidence uncovers that unclean food and water can help bacteria spread and
disease develop when hygiene is not followed. Because the first outbreak of typhoid started
in developing countries, typhoid fever now affects many different nations [1]. According to
the past figures, Typhoid fever leads to 16 million new cases and around 600,000 deaths each
year. There are 198 cases of typhoid fever reported each year for every 100,000 people in the
Mekong Delta and 980 new cases per 100,000 people in Delhi, India [1]. Researchers from
the 1960s found and shared four methods by which typhoid could get into the body [2].

Having proper sanitation and clean water supplies cuts down the chances of infecting others
and makes fewer people sick [3]. Studying the spread of disease and devising prevention
plans often requires using mathematical modeling. Using math in disease transmission
analysis helps people find key factors and see how diseases spread through the population.
Many scientific studies have looked into disease spread through different biological models.
Using the right assumptions and parameters, ODEs work very well to represent the different
models. Understanding the pattern of typhoid fever spread among vaccinated people was
made possible by scientists through their mathematical simulations [4].

Mathematical models are important for investigating the basic biological processes involved
in disease spread for public health issues. A lot of research literature on Typhoid fever
transmission has been produced by mathematical epidemiology. Scientists work on
understanding Typhoid fever and other infectious diseases by modelling them with integer
order differential equations [3-10].

Being infected with the Human Immunodeficiency Virus (HIV) may result in Acquired
Immunodeficiency Syndrome (AIDS) which reduces humen’s immunity and allows fatal
infections to enter the body [11]. HIV attacks and disrupts the CD4-T cells of the body which
are necessary for the immune system to function. Signs of HIV infection are chills, ongoing
diarrhea, tiredness, temperature increases, severe weight loss, night sweats, a sore throat,
mouth ulcers and aches in the muscles. Blood, semen, vaginal fluids and breast milk are all
ways HIV is transmitted [11]. Because of antiretroviral therapy, people with HIV are living
longer, but a cure or vaccine is not yet possible.

Medical reports documented the country’s first three cases of AIDS in 1985 and the official
declaration of AIDS in Nigeria came from Lagos in 1986. A 13-year-old sex worker living in
another West African country was the first Nigerian person known to have AIDS, diagnosed
in 1985. When AIDS cases were announced, the majority believed the disease hit primarily
homosexual groups in America which led to widespread panic. Nigerians rejected truths
about AIDS, concluding it was a way for Americans to curb sexual activity, giving rise to the
“AIDS Initiative is an Effort by America to Discourage Sex” (AAIDS).This doctoral
dissertation, Modeling HIVV/AIDS Epidemic in Nigeria (Eze, 2009), thoroughly investigated
people’s misunderstanding of how the disease is spread and its effects worldwide.

At the beginning, HIV/AIDS had little effect on Nigeria, but it eventually turned into a big
health problem. Year 2014 saw 220,000 new HIV cases and older adults had the highest
number of HIV infections in Nigeria. In 2016, the total number of children under 15 with
HIV infections was 58,000 and it is estimated that most of these children got HIV from
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mothers who have the virus. In 2014, 1.6 million children worldwide had no parents and
747000 people began ART that year [11]. Among all nations, Nigeria has the second highest
number of HIV cases (3.2 million), but their HIV infection rate continues to hover around
3.4% with a population of 200 million.

Analyzing infectious diseases, both individually and in combination like typhoid fever and
HIV/AIDs, is greatly supported by mathematical modeling. They help researchers discover
what causes epidemics and help them design appropriate control measures. Many existing
models are useful, but they tend not to consider how past experiences or long-term factors
play a role in biology. For this reason, people have started to rely on fractional -order models
more often. Bringing in properties from outside the usual assumptions, it now covers memory
effects and anomalous diffusion in the spread of diseases [11].

Fractional differential equations (FDEs) build on the standard integer-order approach and can
describe more complicated systems. The study uses a fractional-order model to model the
spread of typhoid fever and HIVV/AIDs co-infection and it also considers ways to control the
diseases through treatment and prevention. Because of the memory effect, the model can
show how typhoid fever and HIV/AIDs are more likely to be passed together. Various
scenarios are tested in simulations, with the purpose of finding out the best approaches to
reduce the incidence of both typhoid fever and HIV/AIDs and support long-term infection
control.

Diseases like typhoid fever and co-infections of HIV/AIDs can be modeled better using
fractional derivatives because these properties consider memory and family influences in
biology. They help explore the development of infections over a period and the ways that a
person's earlier infection and remedies affect how others may catch the infection. With this
effective glance, more progressive and effective measures can be made for managing
problems such as drug resistance, being infected again and insufficient healthcare resources.

[12] pointed out that progress in fractional calculus has attracted interest for depicting how
different systems change over time. Fractional-order models are different from classical
integer-order ones because they take into account the whole system and its memory. Such
models not only reflect real life better but also help to address an outbreak which is why they
are useful for understanding and addressing diseases like typhoid fever and HIV/AIDs co-
infection. In biological applications, fractional derivatives such as the Caputo and Riemann-
Liouville derivatives with singular kernels are widely utilized.

Moreover, operators such as the Mittag-Leffler and Atangana-Baleanu which are not used for
a single variable, are more widely used now. [12] suggested using fractional-order Sterile
Insect Technology (SIT) to fight Zika, solving the model using infinite series that converge to
exact values using the Laplace Asymptotic Dominance Method (LADM). [13] looked into
spread of Lassa fever by using a fractional-order model which used a power-law fractional
derivative to explore how vaccination and treatment reduced its spread. [14] examined how
Nigeria dealt with COVID-19 using Caputo derivative and the LADM maodel, reporting that
recovery became higher in the integer-order models, as a result of people being vaccinated
and treated. [15] designed a fractional-order model using the Caputo derivative to
characterize soil-transmitted helminth infections. Applying the LADM, they revealed that the
model’s infinite series correctly approached ideal values which made it more flexible than
norms that only involve integer-order approximations. [16] used fractional mathematics to
build a model of how hepatitis C spreads, using the Adams-Bashforth-Moulton technique.
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Researchers found that lowering the rate of contacts and improving treatment greatly
decreased the spread of the disease and the model performed better than the older models.
[17] introduced a fractional order system to understand HIVV/AIDS transmission, alongside
the Adams-Bashforth-Moulton method. It was revealed that bringing down disease
transmissions and improving ways to treat used were effective in managing the disease, as
well as how useful fractional models are compared to the old ones. The model in [18], again
based on the Adams-Bashforth-Moulton method, was a fractional order for tracking
Diphtheria transmission. They found that when contact rates were lowered, the disease rates
went down, as did the ineffectiveness of treatment which helps prove the growing importance
of these fractional-order techniques. [19] used the model of fractional derivative to model and
predict the interactions between COVID-19 and HIV. [20] looked at how hepatitis C and
COVID-19 infections can happen together. They brought together recent mathematical
modeling studies, focusing on important techniques, key findings and places where
researchers may need to examine more.

One advantage of fractional-order models is they are very flexible and are able to include
effects that are not found locally. Fractional derivatives differ from classical derivatives by
giving a better fit to real-world scenarios and more adaptability. They rely on interactions that
are not limited to local areas which is often missed in standard models and this allows them
to describe things like memory effects which is not possible with integer-order derivatives.
Because of these properties, other types of equations, like fractional differential equations,
are now being used by researchers. [21] as seen in [22] dealt with Volterra integral equations
that have degenerate kernels by employing a combination of the Laplace transform and
Adomian Decomposition Method. Because of this approach, attention has been brought to
how fuzzy analytical dynamic equations are evolving. Ulam stability and the existence of
solutions were explored for a three-point boundary value problem in [23]. They used non-
linear fractional approaches from classical mathematics to investigate the stability of the
problem which proved insightful.

The objective of the paper is to:

e Find out what conditions must exist to make sure the proposed model has a unique
and valid solution.

e Study whether the endemic equilibrium point is stable by applying the Lyapunov
stable function method.

e Derive numerical answers using the fractional Adams—Bashforth—Moulton method.

¢ Run numerical experiments to see how the model reacts.

No paper has focus on modeling and analyzing HIV/AIDS and typhoid fever co-infection
using the combination of fractional calculus and the Adams—Bashforth—-Moulton method to
the best of the researcher’s knowledge.

The paper is organized so that Section 2 sets out the mathematical model, Section 3 examines
the model analytically, Section 4 shows the numerical results for the fractional-order
approach and Section 5 concludes with an abstract and final viewpoint.

Preliminary
This section covers fundamental facts and major ideas from fractional calculus. The analysis
includes both the right and left fractional Caputo derivatives, similar to what was done in [25,
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26]. The paper also points out the uses of fractional calculus in solving real challenges that
appear in physics, engineering, bio-mathematics and other scientific sectors.

Definition 1: Let f e A”(R) then the left and right Caputo fractional derivative of the

function
f is given by

°D/f(t)= (tOD{(”‘” [%)n f (t)j

‘D f(t)= #j((t—z)”“ fr (A))di (1)

The same way

°D/f(t)= (DT(”” (%)] f(t)

.
°Drf(t j f”(/l)d/l
t
Definition 2: The generalized Mittag-Leffler function E, , (x) for X e R is given by
, o >0(2
nZ:O:F(om+ 5 V0@

which can also be represented as

1
E =XE — 3
a,l//(X) X a,a+y(x )+F(l//) ( )
Shd
s

£, (x)= L[t""l (4)

Proposition 1.1.

Let €A R)INCR)ang g eRn-1<a<n,

Therefore, the conditions given below holds:

LoD/ (t)=f(t)
2. D17 f ()= f(t)—zk_oﬁfk(to)

Model Flow Chart
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Fig.1: Model Flow Diagram of Typhoid fever and HIVV/AIDS co-infection

5.3 Model Equation

dS
d—th:Ah‘FURt_ﬂhS — A4S, — 1, Sy,

dE XTS (ﬂ‘nétl_'_Wt +:uh)Et’

— =43, _(ﬂ‘t§t2+lﬂh +/uh)Eh’

dEth

ﬂ'tfth +ﬂh§t1 (Wth +/uh)Eth’
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dl,
at —=y,,E, (wh2+ph+5h+luh)lh’
dl
d_tA:phIh_(yA—i_é‘A—i_:uh)lA
dl
d—tt=l,VtEt—(7/t+5t+/1h)|t,
dl
dth =W Ep T Wl +wyl - (/Oth+§th+:uh)|th’
dT,
d—::7A|A+0‘1thTth_(5h+,Uh)Th’
dT,
E_ytlt-i_amh th (¢t+5 +,Uh)T
dT.
d—;h = Pl _(alth + gy, + Oy +/uh)Tth’
d
R T -+ )R,
dt
dB
— =7 — uB.
qt Hg
Where 2 = (Bl +:3tz'thN+ﬁt3'tA+ﬁ‘4B)shows the infection rate that results from the way
(,Bllh"‘ﬁzlA"':BsTh+ﬂ4|m+ﬂ5Tth+ﬂe|th)

typhoid is spread. 4, = shows the infection rate that

Nh
results from the way HIV/AIDS is spread.

Table 1: Descriptions of Variables and Parameters

Variables Description
S, (t) Humans who are susceptible
E, (t) Humans exposed exclusively to typhoid fever
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Ay

His Hg

8t 2

Mathematics, 8(5), 01-31. https://doi.org/10.5281/zenodo.15623363

Humans exposed exclusively to HIV

Humans exposed solely to typhoid and HIV
Humans infected solely with typhoid

Humans infected solely with HIV

Humans infected exclusively with HIV/AIDS
Humans infected solely with typhoid and HIV

People have tested positive for AIDS and typhoid at the same time in
this study

Treated class of typhoid patients only
Treated class of HIV patients only
Treated class of typhoid and HIV patients
Recovered typhoid patients’ class
Susceptible mosquitoes

Bacteria causing typhoid
Description

The rate at which humans are recruited
The natural mortality rate of humans, and typhoid bacteria.

A modification parameter that adjusts for the reduced co-exposure of
typhoid and HIV

A modification factor that reduces the co-exposure of HIV and typhoid

The number of people who move from typhoid, and HIV exposure to
infection status of typhoid, and HIV, respectively.

The path from one disease state of just typhoid fever to the joint
condition of typhoid and HIV infection.

The progression rate from individuals infected with only HIV to the co-
infected class of typhoid and HIV
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Wy

O,
Pn

P

i
Th
Y

Vth

VA
)

Hyy Hg

PR NN

p

The speed at which individuals with HIV alone transition to being co-
infected with both typhoid and HIV.

The progression rate from the co-infected class of typhoid and HIV only
to the co-infected class of typhoid, and HIV.

How fast HIV progresses from its first infection stage to full-blown
AIDS symptoms.

The progression rate from the co-infected typhoid-HIV class to the
typhoid-HIV/AIDS class.

Treatment rate of infected typhoid only class.
The treatment rate for the infected HIV-only class
The treatment rate for the infected HIVV/AIDS-only class

The co-infected typhoid and HIV population receives different levels of
treatment compared to patients who have only HIV.

Treatment rate of co-infected typhoid fever and HIVV/AIDS only class.

Patients treated for typhoid fever will recover completely.

The natural mortality rate of humans, dengue fever mosquitoes, and
bacteria.

The mortality rate associated with diseases in individuals infected with
typhoid, HIV, or HIV/AIDS, including those co-infected with typhoid-
HIV, typhoid-HIV/AIDS.

Rate of re-infection of recovered typhoid fever humans.

Contact rate of susceptible humans with typhoid infected classes.

5.4 Fractional order mathematical Model

In this section we transform the integer order model to fractional order as follows:

CDt}/Sh = A, +1R = A4S, — A4S, — 14,5,
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DVE, = A4S, —(Aéa +v+ 1) Es
‘D/E, =4S, — (A4S + Wi + 4 ) By
"D/ By, = A&, By + AGE — (Wi + 44) B,
D/ 1, =w,E, — (@, + o, + 6, + 1) 1,
D1y =ply, —(7a+0n+14) 14

Dl =B —(n+ o+ )

D] Iy =W Bi +Whalh + Wl = (20 + G + 1) L,
DTy =7alat+ Ty —(8, + )T,

DT, =y + Ty —(é + 6+ 14, T,
"D/ Ty = Pl — (O + oy + Sy + 1) Ty
"D/R =4T, —(7+ 1) R,

‘D/B =7 — uB.

Subject to the initial condition s;

I
i
2
ey |
—~
o
N— T
I
—
<
— m
—~
o
~
I
—
2

IA(O)z I o 1, (0) =l 1y, (0)
T (0) Too R (0) =R.

5.5 Model Analysis

5.6 Positivity of Model solution
We considered the non-negativity of the initial values

lim Sup.Nh(t)Sﬁ,
Hy
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Secondly, Iflim Sup. Nho( )< ﬂ , then our model feasible domain is given by:

Hy
(Sy.Ep B Bl Lo b 1y T T T R, ) < RY
T 1i(Sy 4Byt E+ Byt 4 1yt L+ 1+ T, +T, 4T, +R )< 20 [
Hy
so that
Q=0, cRY,

hence Q is positively invariant.

If (Sno» Eno» Exor Enos Thos 1aos o o Thos Tro» Tio Reo ) FOr model (6), if the coefficients are non-

negative, then the solution will also be non-negative for all times t> 0. Selecting the first
equation from Eqg. (6), we can say that:.

D/S, = A, +1R = A4S, — A4S, — 1,5y,
DS, = A +1R = (A + A +14,)S
‘DS, +(/1h +4 +/uh)Sh =A, +7R,,

ButA, +7R, >0, then, °D/S, +( 4, +4 +4,)S, >0.

Using the Laplace transform we have;

L[ DS, |+ L[ (4 +4 +u4,)S, |20

S8, (5)—S77S, (0)+((Ay + A4 + 24,)) Sy (8) 20,

S/t
S/ (s)> n s, (0).
TS M ®

By taking the inverse Laplace transform, we obtained,;
Sy ()2 E (A4 + A+t )S0.  (9)

Now since the term on the right hand side of Eq. (9) is positive, we conclude that S, >0 for
t>0. In the same way, we also have that;
(S,>0E,>0,E >0E, >0,1, >0,1,>0,1,>0,1, >0,T, >0,T, >0,T,, >0R, >0). that are
positives, therefore, the solution will remain in R* for all t>0 with positive initial
conditions.
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5.7 Boundedness of fractional model solution.
The total population of individuals from our model is given by ;

N, () =S, (1) + E, (1) + E (1) + B, () + 1, () + 1, (6) +1,()
1 (0 +T, (O + T (0 + T, (O + R, (0.

So from our fractional model (6), we now obtain

"D N, (t) =° D/'S, (1) +° D} E, (t) +° D7 E(t) +° D7 Ey, () +° D7 1,() +° D7 1,()
+°D7 1, (t)+° D 1, (t)+° D/T, () +° D/T, (t) +° D/T,,(t) +° D/ R, (t).

*DIN, (t) =A— 4N, (1) (10)
Taking the Laplace transformation of (10) we obtained;

L[ *D/N, @) | <L[ A, =N, (1) ],

SIN,(8)—S7 N, (0)+ 4, N, (s) <22,
Hh
S/ A
N, (s) < —r—N, (0) + ——"— (11)
h (Shy"'ﬂ) h Sh(st}]/-i':uh)

By taking the inverse Laplace transform of Eq. (11) we obtained;
N, () <E,, (_/Uhty) Nh(0)+AhEr,r+l(_:uhty) (12)

At t — oo, the limit of Eq. (12) becomes

. A,
lim SUpNh(t)Sy_h'

This means that, if N, < An then N, (t) < Ay

Hh Hh

which implies that, N, (t) is bounded.

We now conclude that, this region Q=Q, , is well posed and equally feasible
epidemiologically.

5.8 Existence and uniqueness of our model solution

Let the real non-negative be P, we consider Q=[0,P].

, , - , 0 ,
The set of all continuous function that is defined on M is represented by N (Q) with norm
as;

[X]=Sup{|X (t)].teQ}.
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Starting with the first model in (6) at initial conditions stated in (8), then the problem
becomes an initial value problem (1VP), as stated in (13).

"Dy (t)=Z(t, X (t)),0<t<P<on,
X (0)=X,.

Where Y (t)=(S,.Ep B By I Las 1 1, T T, Ty R, ) represents the classes and Z be a
continuous function defined as follows;

2(05.(0)
Z, (t,Eh (t)) Ay +1R = 24,8, = A4S, — 14,5,
7 (t E (t)) ﬁ'hsh_(ﬂté:t2+l//h+:uh)Eh
Z3(t Et(t)) j*tSh_(ﬂ’Tméztl""//t"':uh)Et
e A& By + AduE, _(V/th +:uh)Eth
Zs(t,lh(t)) '//hlEh_(a)h2+Ph+5h +,Uh)|h
ZG(I’IA(t)) phlh_(7A+5A+:uh)|A
Z7(t7|t(t)) = V/tEt_(7/t+5t+/Jh)|t
Z, (t, L, (t)) WinEin +Wialn + Wl _(pth + 0 +,Uh) Ly
Z, (t,Th (t)) Vala+ T, _(§h + Hy )Th
Z, (t’Tt ('[)) 7t|t+a2thTth_(¢t+5t +1uh)Tt
7 (t T (t)) Pl _(alth + Oy, +/uh)Tth
e T+ 4R
12 <t’Tt (t)) ﬂ_ﬂBB
Z,(t.B(1)) (14)
Using proposition (2.1), we have that,
Sy (t) =S +1{ [Ah +1R =4S, —4S, _/uhsh]’
E, (t) =B+ 1 [Zhsh — (A& +v, +:uh)Eh:|’
E, (t) =Eo+ 1 I:ﬂ.lSh _(ﬂhé:tl 2 +:Uh)Et]’
Ewn (t) =Epo+ 1Y [ﬂtthEh +ASuE, _(‘/’th + ) Eth:|’ (15)

Ih(t)= lho + 17 I:WhlEh_(a)h2+ph+5h+/uh)lh]’
IA(t): IAo"'Ity[PhIh_(7A+5A+ﬂh)|A]'

|t(t)= Lo + 17 I:‘//tEt _(7t +6, +ﬂh)|t]7
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Ly (1) =1y + 1 [0 B + Wil + Wil = (0 + 0 + 1) 1y, ]
Ty () =Too + 1/ [ 7ala + 2T = (8, + 14,) T, .
T (1) =Ty + 1 [ 7], + o Ty = (+ 6, + 14,)T, |,
T (1) =T + 17 [ 2V — (Gt + oy + Oy + 1) Tiy |
R(t)=Ro+ 1 [#T,~(n+4,)R ],
B(t)=B,+1] [7r—usB].

We obtain the Picard iteration of (15) as follows;

L[ 2) 2, (48 (D)4

Shn (t) = ShO +1—‘—

E, (t)=E,, +ﬁ [L(t=2)"2,(4. By (2))d 2
E, (t)=Ey +ﬁjo (t=4)" Z( 4 Eyoy (4))d 4,

Epn (t) = Eqo +%y) I;(t — 27 Zy (A By (4))d 4,

1 [[(t=2)Y7 2, (1,00 (2))d 2

m 0

L (1) =1 +mﬁ (t=2Y " Z, (A0 (2))d 2, (26)

L (£) = 1o +

1y (£) = I+ [L(t=2) " Zy (Ao (1)) 2

Tm(t)thO+1_ )j(t A7 Zy (A Tyony (A))d 4,

©2025 GLOBAL PUBLICATION HOUSE | International Journal of Mathematics



Numerical Solution of fractional order Typhoid Fever and HIV/AIDS co-infection Model Via The
Generalized Fractional Adams-Bashforth-Moulton Approach

Ry (t) =Ry +ﬁ_ﬁ (t _/1)%1 Z, (/1’ R (ﬂ))d A,

Transforming the initial value problem of Eq. (13) we have;

1 t y-1
X(t)=X(0)+——| (t=A4) Z(A4, X(4))dA. (@17)
(0= X(0)+ 5 42 (4X(2)
Lemma 1, The Lipchitz condition described from Eq. (14) is satisfied by vector Z (t, X (t)) on

aset [0, P]x R with the Lipchitz constant given as;

(Ba+ Bt B+ B+ B ) (B + B+ By + Bt s+ ) (o + i+ ), (G 4+ 1)
B=max| (W + ) (@ + Py + 63+ 1) (Vat+Sat ), (7+ 8+ 44), (P + S+ 14y)

(S +atn) (& + 8+ ) (O + oy + T + ) (17 + 14 ). (141)
Proof.

[2.(t:8)-z,(t.5))]

:HAh +1R, _(ﬂh +4 +/uh)sh - A, +11R, _(Ah +4 +/uh)sth
= H_(;{h +ﬂ1 +:uh)(sh _Shl)+:uh (Sh _Shl)H < (/11: +;it*) Sh _Sh1||+/uh ”Sh _Sm”
Hzl (t' Sh)_zl (t' Shl)” < (21: +/11*) S — Sh1||+:uh ”Sh N Shl”

Similarly we obtained the following;

|22 (t.E)=Z, (6. Ew)|[ < (W + 240 ) [E\— ],

|25 (4B )= Z4 (4B, )| < (v + 240 ) [Ei~ Bl

|2 (t.E )= Za (B < (v + )| E— o]

|5 (8.1) = Z (1) < (@n2 + 2+ 8, + ) 1= il
|25 (t.12) = Zo (. 1o )| < (7 + a1 ) [1a= Vo]

HZ7 (t, It)_ Z, (t, Itl)H < (7’t +5t +:uh)|||t_ Itl” ' (18)

Hza (t’ Ith)_ZB (t, Ithl)” < (pth + 04 +luh)|||th_ Ithl”’
Hzg (t’Th)_ZS) (t’Thl)H < (5h + 4, )”Th_Thl”’

HZlO (t’Tt)_ZlO (t’Ttl)H < (¢t +6, + )”Tt_-rtl”’
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Hzn (t' T ) —Zy (t’ T )H < (alth + Aoy + Oy + M )”Tth - Tthl”

HZlZ (t' Rt)_ZlZ (t’ Rﬂ)” S (77 "‘ﬂh)”Rt - Ru”

HZlS (t’ B)_ Zys (t1 Bl)” < (:uh)”B - Bl”'

Where we obtained
Hz (t.X,(1)-Z(t.X, (t))H < BX=X,,

(But Bot B+ Bt Ba) (Bl + B+ B+ Bt B+ L) (G + v+ ), (0 + )
B=max| (W + ) (@ + Py + 63+ 1) (Vat+Sat ), (7+ 8+ 14), (P + S+ 1ty)

(S + ) (B + 6+ ) (O + oy + 5 + 1) (11 + 14 ) (44
...(19).

Lemma 2. Eq. shows the first and second terms for (6), (7) of the initial value problem. The
X(t)e A(f).

mathematical equation (19) exists and will only have a single solution.

Using Picard-Lindelof and fixed point theory, we consider the solution of
X(1)=5,(X(1),

where S is expressed as the Picard operator:
Sy AV (f.R®) > AY(F,RE).

Therefore,

which becomes

Hsh (xl (t)) - Sh (xz (t))H

- FLy)U;(t—z)“ Z(4,%,(2)-2(4,X, (i))dﬂ}
<o (1y) [[(t=2) 2 (2%,(2))-Z (2%, (2))d4].

< P [o(t=2) X=X, d 2

(7)

p—J

©2025 GLOBAL PUBLICATION HOUSE | International Journal of Mathematics 16



Numerical Solution of fractional order Typhoid Fever and HIV/AIDS co-infection Model Via The
Generalized Fractional Adams-Bashforth-Moulton Approach

5.0400)-8. )< 1 2

B

S, <
When F(7+1) "7 Picard’s operator contradicting the conditions of existence, so any
solution given by Eq.(6), (7) is unique.

5.9 Basic Reproduction number of the co-infection model

The Basic reproduction number of Typhoid fever and HIV/AIDs co-infection is the
maximum of their the basic reproduction.

Ro' = max(Ry, R} )

RN — max(‘//h (ASAMBl + AL+ ABopn + ﬂ37Aph) B, ]
° AMAA, (ot ) (-6, + )

where A&:(Wh+ﬂh)'p‘z :(ph+7/h+5h+:uh)’ A3:(7/A+5A+:uh)' A4:(5h+:uh)'

5.10 Global stability analysis at endemic equilibrium state
Equilibrium stability around the world is checked with the direct Lyapunov method. An
endemic equilibrium point is considered globally stable when R, <1. Epidemiology states

that the disease will infect the whole population regardless of how many were exposed to it
initially. from the fractional model (6).

Where 2 = (Ll +'BtzlthN+ﬁ‘3|‘A+ﬁ‘4B)shows the infection rate that results from the way
h

(B + Lol g+ BTy + Bulig + BT + Bs )
Nh
results from the way HIV/AIDS is spread.

shows the infection rate that

typhoid is spread. 4, =

A
Where N, =—" ast — oo,
Hy

our fractional model now becomes

‘DS, =A,+nR - A4S, - A4S, —BS,,
‘D/E, = 4,S, — 4, &,E, —RE,,
‘D/E, = A.S, —4¢&,E, —RE,,
‘D/E,, = 4¢&,,E, + 4. E.E, —PE,,

CDtth =ywnuE, — Rl

Volume 8 Issue No 5 (2025) Access: https://gphjournal.org/index.php/m

17



Jalija, E., Amos, J., Atokolo, W., Omale, D., Abah, E., Alih, U., & Bolaji, B. (2025). Numerical Solution of fractional order Typhoid Fever
and HIV/AIDS co-infection Model Via The Generalized Fractional Adams-Bashforth-Moulton Approach. GPH-International Journal of
Mathematics, 8(5), 01-31. https://doi.org/10.5281/zenodo.15623363

CDtyIA = ol —FBla,

CDtylt :l//tEt - P7I

t?
CDt}/Ith =WuEBpn Wil Tl — Bl
CDtyTh =7ala+ o, Ty — RT,

CDtyTt =7y + @ Ty, — PoThs

CDtyTth = Pl — Rl (20)

thth :¢tTt - PlZRt’
CDtyB =7 — |3138.

When the physical system reaches the equilibrium point Eq. As a result, (24) produces the
following outcomes:

Sy =1IRE = A (W, + 4y ) B = A4Sy (W + 14) Bn = 4S5, (W + ) By = 4GBl
(@ + P+ 0y + ) Vs =W By (Va+ O+ 1) 3 = o (7 + 0+ ) | =0 B
(L0 + G+ 1) Ly = Wi By +Wio by Wl (8, + )Ty = 7ala+ i T,

(¢t +0, +,uh)Tt* =yl +a2thTt;,(a1th + Aoy, + Oy +,uh)Tt; = pthI;,(n+yh)R: =4T.,
,uBB*:ﬁ.

Theorem 1.
Model (24) is globally asymptotically stable if R, <1 whenever

ok Kk Kok gk gk ok ok ok

[13_5_;4_&(1_ ShEhEt Eth]_ IhIAIt IthEhEt Eth _ ThTtTth _Tﬂ:IhIAItIthJSo.

Sh Ah ShEhEtEth IhIAltlthEhEtEth ThTh ITC IhIAltlth

Let L(t) =L, (t)

be a non-linear Lyaponov function as stated in (27) below:
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el Sy

L(t)=L1£Sh—Sh—ShInS—;j+L(E ~E, - EInEhJ+L{E -E - EInEtJ

Eth T TRt
+L4(Eth E—;]+L5[Ih I, Ihlnl;:j+L6[lA N IAIHIJ
+L7[It IIn—J Lg[lth h—lgpIn ‘h}tLg(T ~T, =T, In J

Ith Th (21)
i R

T LA NN A A NN (Y

B
+L“( B*J
The fractional order derivative of Eq. (26), using Caputo, gives:
DIL(t)= DL, (1) < Ll[ S*J DS, (t)+L, [1_3 D/E, (1)
(- o i B e e a4 o)
+L| 1 : j +L{1 I—tJ LS[ I*J D{Ith(t)

Th cny T K Y4 T* 7
+L —ijT +L10£1 TjDT ) LM( TtthTth()
+L12{1—&j°D7 Li{l——j DyB()
R,
Si |epy B epy B epy
(1—S—IJ D; Sh(t)+[1 Ehj D; Eh(t)+[1 EJ D; Et(t)

+ 1—%}°D{Eth (t)+[1—:—“j°D{Ih(t)+(1—I—AJ°DZ'A(t)

th h

[1 : jCDVS —[l—%j(AmS + uS; =4S, — 1S,),
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:AEIS:(]. ShAhl_i_'_AElJ_i_luhS:(z_s_z_ij’

/11*5; S Ahl Sh Sh
E ). E N\ - « o E
[1--“ D(Eh:[ ——hj(/\msh ApS, 2],
h h h

=A;s;:(1— EEE, Ll _EEE, j
EhEthEt IhIt Eh Ih

i(l_l_Aj o1, :&[l_LJ(yAEH - Psl_*A I;j’
Yy A Yy N s (22)

=A;ls*[1 EEE, | EhEtEmI:)

* ok * * *

EEE I B

5(1—'—tj D/, =5£1—'—t](w25 -P, '—t 'f],
¥, I, ¥, I, 1,

:A;lsg(l_ﬁ_'_t_ﬂ),

* ok * *

EEE I El

P I P I I .
i(l_chDtylth :_4( _ﬂ](l//thElh -R LD Ithj*
P th P Ly, Ly,
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h *

EEE 1o Ely

*

P.P T . P.P. T T .
82 1_T_hJ D/T, :A(l__hj(anhazthlhhlt _PgT_rlTh }’

G o h G Popn h h

as 1 BEEs EhEtEmI;;],

*

h h*A't"th'h h*A%t"th
_/\hls 1--L2 — + ,

h Kok gk ok ok N

Th Th Ithlhlthl’[ Ithlhlthlt

Hence, EQ. (25) now becomes;

[13_5_;4_&(1_ ShE;Et*EtE ]_ IEIZI:I;E;E:E; _ ThTtTth —Tt;IhIAltlthJSO.

Sh Ah ShEhEtEth IhIAltlthEhEtEth ThTh ITC IhIAltl’[h

‘D L(t) <A,S,
Which implies that,

CDtyL(t) < Awp (l_ Ro)AhS;

*

~Pn (1_ Ro)AhS;{strT (%_1_ In i}:l

h Sh
Therefore °D/L(t)<0 for R, <1.

This implies that, °D/ L(t) =0.

* * * * *

Since E. :(S*,E;,Et*,Eth,lh, O Ith,Th*,Tt*,Tt;,R:,B*) is the endemic equilibrium point,

by LaSalle’s invariance principle, is globally asymptotically stable in Q whenever R, <1.

5.11 Fractional order model numerical results

With the generalized fractional Adams-Bashforth-Moulton scheme mentioned in [25], we
executed a numerical study of the HIV/AIDs and Typhoid fever co-infection model. The
value of the parameters used in the model are shown in Table 1 which also displays simulated

results of different fractional order (7).

5.12 Implementation of fractional Adams—Bashforth—Moulton method

This study has followed the process outlined in [25,26]. Fomr (6) we solved the HIVV/AIDs
and Typhoid fever fractional co-infection problem using the fractional Adams-Bashforth-
Moulton method. Now, the fractional model is represented by:

D/P()=Q(ta()). 0<t<p,

P (0)=R", n=10, ...q,q=[7]
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Where P=(S",E;,E/,Ey, Iy, 1 115,70, T, Ty Ry, B ) eR® and V(t,q(t)) means the
function is real and it is continuous.
Thus, equation (23) can be expressed with fractional integral as below:

m-1 tn 1 7-1

U A m
_n:oPO)n! F(}/)Io(t y) R(k,m(k))dk on

B

Using the technique defined in [25], we set the step size g N N e N with a grid that is

uniform on [0, 8]. Where t, =cr, c=0,11,...N. For this reason, the fractional order model
for HIV/AIDs and Typhoid fever co-infection mentioned in (6) can be interpreted as:

V4
shk+1(t)=sho+%{m PR~ 281~ ASE RS} +

g9’
1“(Tzdy k+1{A +17Ry =44 Spy = A4Sy, — hy}

7
Ehk+1 (t) = EhO +%{ﬂts; _ﬂh‘ftlEtn - PzEtn}"'

gy 2 ﬂ1é
(7—) dy,k+1{/1[ hy ity — ty}
r 2 (25)

S (t) =Ep+ {ﬂhsr? —A&.En - P3Er?}+

g}’
F(;/+2)
g}’ k
Cpmeettas, 4, e

7
Ethk+l (t) = EthO + % {/lléhZEf? + /’ihgtlEtn - P4 Et?] } +

—Zdy k +1{ﬂ.t§h2Ehy +4.6uEy — thy}

L(y+
4
Ihk+l(t) =l +1_(3—+2){Wh1Er? - Pslr?}"‘
k
> dy,k+1{y,Ey Rl |,

I(r+2)i=
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Y
IAk+l(t):IAO+%{ph|:_PGIR}+
g’ K
k+1:p, 1., — Rl
1_,(7/+2)yz_;de + {ph hy ~ 6 Ay}’

4

ter () =g +%

{V/tEtn - P?'tn}+

F(fiz)gdy,kﬂ{yxﬁw—P7|ty},
,

Lies (1) = Lo +m{y/ma“h Yol + ! — R+

g’ Zk:dy,k+1{l//thEthy+l//h2Ihy+1//tllty—P8Ithy},
F(;/+2)y:0

9’ ' 0 o

T (1) =Tho +m{yﬁ\|A + o, To —PT

9’ Zk:dy, K+1{7aly + Ty ~BT, ),
I'(y+2)4=

7
Ttk+1 (t) = TtO + %{% |tn + aZthTtr? - PlOTtn} +

g K
r(7+2)yz_(;d%k+l{7tlty+a2thTthy_PloTty}’
g}/
L (t) =T+ =< 1Pn It?] - PlthrT +
I(y+2)
g’ K
F(}/—I— 2) yz_(;dy, k +1{pth Ly = RLthhy}’
Ve
Rua (V)= R0, 7 T —PaR0}+
g k
dy,k +1{4T. — P, ,
F(]/+2); y + {¢t ty 12Rty}
V4
Bk+1(t)=BO+F($+2){7Z—PBBH}+
g’ K
dy,k+1{7r—-P.B
2 =Y et
Where
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" 1 <
Shk+1( =Sy + (7/ § ‘, fy K+l {A +77Rty j'hshy ﬂtshy hy}
y=0

-

n 1 <
Ehk+l (t) = EhO + Z fy,k+l {ﬂtshy _ﬂhé:tlEty - Pz Ety}’
=0

I(r)3

n 1 :
Etk+1 (t) = EtO + r(]/) ZO fy,k+l {ﬂhshy _ﬂtétthy - P3Ehy}’ (26)
y=

‘ -

Z fy k+1 {ﬂtéthhy + ﬂhé:tl ty thy}

n 1<
Ihk+1(t)= lho + ( )ny,k+1{l//hlEhy_P5lhy}’

" 1<
Itk+1(t)_|t0+ ( )ny,k+l{l//tEty_P7lty}’

k
Itrr]1k+1( Lo + F(}/ Z fo {'//thEthy F Wl +wly — P8|thy}'
y=0

N 13
Thk+1( F 7/ Z(; fy k+1 {7A Ay + althTthy PThy } ’
y=
n 1 3
Ttk+l (t) = TtO + F(}/) Z fy,k+1 {7/t Ity + aZthTthy - FioTty} ,
y=0

n 13
Tthk+l( thO + 1—‘(7/ ; fy k+1 {pth thy Plthhy} !

s (O=Reor ST -
e A

B (t)=B,+

From (29) and (30) obtained;
dy, .,y = K7+l_(k_7)(k+7/)y ,y=0

(k—y+2) " +(k-y) " —2(k—y+1)" ,1<y<k

©2025 GLOBAL PUBLICATION HOUSE | International Journal of Mathematics

24



Susceptible humans to Typhoid fever only

g
@

o o o = = =
~ o 0o N ~ o

o
[N

)

-

o

Numerical Solution of fractional order Typhoid Fever and HIV/AIDS co-infection Model Via The

Generalized Fractional Adams-Bashforth-Moulton Approach

and f

y,k+1 =
v

g?

[(k=y+1) (k-y)' ], 0=y <k,

5.13 Importance of using the fractional Adam-Bashforth Moulton method in obtaining the
numerical solutions of the model

1. This method needs one more evaluation of the function at each point, but it still assures
high-order accuracy.

2. This way, errors are handled automatically and many ODE solvers use this approach.

3. It is widely used in engineering, chemistry and medicine because it is able to solve
numerical partial and fractional-order differential equations.

5.14 Numerical Simulation
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Fig.4a: Susceptible humans to HIV/AIDS only
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Fig.4d: Humans on treatment of HIV/AIDS only
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(3a) shows what happens in a susceptible population based on contact rate (,Bt) It is

observed that as contact rate ( ,Bt) increases lead to the decrease in the number of people who
are susceptible to the typhoid fever only. (3b) shows what happens in a Exposed human
population based on contact rate (3, ), It is observed that as contact rate (/,) increases lead
to the increase in the number of people who are Exposed to the typhoid fever only. (3c)
shows what happens in a infected human population based on contact rate ( ﬂt), It is observed

that as contact rate (,Bt) increases lead to the increase in the number of people who are
infected with typhoid fever only.

(3d) shows what happens in the population of human on Typhoid fever only treatment based
on contact rate (3, ), It is observed that as contact rate (/) increases lead to the increase in
the population of human on Typhoid fever only treatment. (3e) shows what happens in the
population of Recovered humans from Typhoid fever only based on contact rate (ﬂt) It is

observed that as contact rate (ﬂt) increases lead to the increase in the Recovered human
population from typhoid fever only.(3f) shows what happens in the cumulative new cases of
Typhoid fever only based on contact rate(/,), it is observed that as contact rate (/)
increases lead to the increase in the cumulative new cases of Typhoid fever only.(4a) shows
what happens in a susceptible population based on contact rate (,Bl), It is observed that as

contact rate (/3,) increases lead to the decrease in the number of people who are susceptible
to the HIV/AIDS only. (4b) shows what happens in a Exposed human population based on
contact rate(3,), It is observed that as contact rate (/) increases lead to the increase in the
number of people who are Exposed to the HIVV/AIDS only. (4c) shows what happens in a
infected human population based on contact rate (/3, ), It is observed that as contact rate (3, )

increases lead to the increase in the number of people who are infected with HIV/AIDS
only.(4d) shows what happens in the population of human on HIV/AIDS only treatment
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based on contact rate(/,), It is observed that as contact rate (/3,) increases lead to the
increase in the population of human on HIVV/AIDS only treatment. (4e) shows what happens
in the population of Recovered humans from HIV/AIDS only based on contact rate (,6’1), Itis

observed that as contact rate (ﬂl) increases lead to the increase in the Recovered human
population from HIV/AIDS only.(4f) shows what happens in the cumulative new cases of
HIV/AIDS only based on contact rate (/3,), it is observed that as contact rate (/,) increases
lead to the increase in the cumulative new cases of HIV/AIDS only.

6.0 Conclusions

In this paper, a mathematical model is made using the Caputo fractional derivative to
examine both the spread of Typhoid fever and HIV/AIDS co-infection, as well as the ways to
control them. We conducted a wide-ranging theoretical analysis of this Typhoid fever and
HIV/AIDS co-infection model because using fractional modeling is important for controlling
such diseases. The model was resolved with the fractional Adams—Bashforth—Moulton
numerical method. Model parameters and the used Caputo operator fractional orders
determined how the simulations saw the diseases incidence. We studied contact rates between
people who had Typhoid fever and HIV/AIDS co-infection. The findings indicated that
cutting how often people are exposed to each other would help lower the number of Typhoid
and HIV/AIDS co-infections among humans. According to [27], the research group must
look for analytical solutions to non-linear partial differential equations.
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