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Abstract:
Considerable research has been done on Norm property of
different examples of Elementary operators with significant
findings. From available literature not much have been done in
determining the norm of elementary operator in tensor product of
C*-algebras. The norms of Basic elementary operator, Jordan
elementary operator and finite length elementary operator in
tensor product of C*-algebras have been determined and results
obtained. The main focus of this work is to investigate the norm of
the elementary operator of length two in the tensor product of
C*-algebras and to expand on our previous discussion on the
elementary operator in tensor product of C*-algebras. To reach
the goals, methods such as finite rank operator, tensor products

of C*-algebras, and other well-known results were applied.
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1. Introduction

Let H @ K be tensor product of complex Hilbert spaces HandK and B(H ® K) be the set of bounded linear
operatorson H Q K . Let A ® B,C & Dbe fixed elements of B(H Q K), withA,C € B(H)andB,D €
B(K) are the sets of bounded linear operators on H and K, respectively. Muiruri et al. (2018) then provide us
the following definitions:-

An elementary operator, T,,: B(H @ K) - B(H @ K), is defined as;

T ®Y) =) A®BX ®Y)C®D,YX ®Y €BH ®K)
i=1

When n = 1 we obtain the basic elementary operator, M,gpcgp: B(H @ K) — B(H & K), defined as;

MygpcepX ®Y) = A®BX ®Y)C ®D,VX ®Y € B(H ®K).
When n = 2 then we obtain an elementary operator of length two which is defined by;

LAX®Y)= A, QB (X QY)(;®D;+ A4, ®B,(X ®Y)(, ®D,, VX QY € B(H ®K).
The Jordan elementary operator, Uygp c gp: B(H ®K) — B(H ®K), is defined as;
UsgpcopX ®Y)=A4 @BX ®Y)C @D + C QDX QY)A ®B,VX ®Y € B(H QK).
Aspart of our result, the notion of an elementary operator in the tensor product of C*-algebras can be expanded
to encompass additional instances of elementary operators, as follows:
The left multiplication operator, L,gp: B(H ®K) — B(H ®K), is defined by
Ligs(X®Y)= AQB(X®Y) V (X ®Y) € B(H®K).
The right multiplication operator, R,g5: B(H ®K) — B(H ®K), is defined by
Rigp(X®Y) = (X®Y)A ®B V (X ®Y) € B(H ®K).
The general derivation operator is defined by
SazpcepX®Y) =4 @ BX QY ) — (X ®Y)C ®D = Lygp(X ®Y) — Regp (X ®Y).
The inner derivation operator is defined by
5A®B, A®B(X®y) =AQ@BX Q®Y)-(X QY)A Q@B = LA®B(X ®Y) — RA®B(X ®Y).

2. Norm of Elementary Operator

King’ang’iet al. (2014) determined the norm of elementary operator of length two for finite-dimensional
separable Hilbert space W € B(H) with [| W |l= 1 and W (x) = xfor all unit vectors x € Hand proved
theorem 2.1;

Theorem 2.1: (King’ang’iet al., 2014).

LetHbe a complex Hilbert space and B(H) be algebra of all bounded linear operators on H. Let E,be the
elementary operator on B(H). If for an operator W € B(H)with || W ll= 1, we have W (x) = xwith all unit
vectors x € H, then | E, II= X2, Il 4; Il B; Il.

King’ang’i (2017) employed the concept of the maximal numerical range of A* Brelative to Bto determine the
lower bound of the norm of an elementary operatorof length two and obtained theorem 2.2 ;

Theorem 2.2: (King’ang’i, 2017).

Let E,be an elementary operator of length two on B(H). Then

A
I Ez 1= Suprewparsy Il Byl Ay + o p=da
1
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King’ang’i (2017) also determined the conditions under which the norm of an elementary operator of length two
is expressible in terms of the norms of its coefficients operators by proving Corollary 2.3;

Corollary 2.3: (King’ang’i, 2017).

Let Hbe a complex Hilbert space and A;, B;be bounded linear operators on Hfori = 1,2.Let0 €

Wpg, (BiB;) U Wyg, (B;B,). Then |l E; Il = I Ay Illl By Il, where Esisthe elementary operator of length two.
Theorem 2.4: (King’ang’i, 2017).

Let H be a complex Hilbert space and A4;, B;be bounded linear operators onHfor i= 1, 2. Let E,be an elementary
operator of length two. If || A, Il A, € W, (A,A3)andll B, llll B, i€ Wy, (B B,)then

2
IE, I= z I A; Il By Il
i=1

Kawiraet al. (2018) extended the work of King’ang’iet al. (2014) to finite length and determined the norm of an
elementary operator of an arbitrary length in a C*-algebra using finite rank operators and proved theorem 2.5;

Theorem 2.5: ( Kawiraet al., 2018).

Let Hbe complex Hilbert spaces and B(H) be the algebra of bounded linear operators on H. Let E,,be
elementary operator on B(H).If vX € B(H) with || X II= 1, we have X(f) = ffor all unit vector f €H then;
Il E, lI= 202, WA Il B; I, n €N.

Muiruri et al. (2018) used the principles of tensor products and the finite rank operator to find the norm of the
basic elementary operator in a tensor product of C*-algebras and established the following theorem 2.6:

Theorem 2.6: (Muiruriet al., 2018).

Let Hand Kbe complex Hilbert spaces and B(H & K) be the set of bounded linear operators on H @ K. Then
VX QY e B(H QK)withll X @Y = 1, wehave |l Mygpcep I=1A B I C NIl D Il, where A, Cand
B, Dare fixed elements in B(H) and B(K) respectively.

Due to the aforementioned, Muiruri et al. (2018) determined the relationship between the norm of basic
elementary operator in C*-algebra with the norm of the basic elementary operator in tensor product of C*-
algebras, arriving to the conclusion 2.7 below;

Corollary 2.7: (Muiruriet al., 2018).

Let Hand Kbe complex Hilbert spaces and B(H & K) be the set of bounded linear operators on @ K. Then
Then

VX ®Y € B(H QK)with | X ®Y ll= 1, we have I| Mygpcgp 1= 1| Mac llll Mg p Il, where My cand My 5,
are basic elementary operators in B(H) and B(K) respectively.

Subsequently, Daniel et al. (2022) got the following theorem 2.8 by determining the norm of the basic
elementary operator in a tensor product using the concept of Stampli maximal numerical range;

Theorem 2.8: (Daniel et al., 2022).

Let Hand Kbe Hilbert spaces and let Mg g pbe basic elementary operator on B(H & K) the set of complex
Hilbert space H Q K.IfvU Q V € B(H Q K) with U ® V lI= 1,4,C € B(H),B,D € B(K){ €
Wy (€),§ € Wo(D) then we have Il Mygp cop\B(H @ K) 1= Sup; ew,c)SuPs e,y {IS11E1 11 A 1IN B 11}
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Finally, Daniel et al., (2023) determined the bounds of the norm of elementary operator of length two in tensor
product using the Stampli’s maximal numerical range and obtained theorem 2.9;

Theorem 2.9: (Daniel et al., (2023).

Let Hand Kbe Hilbert spaces and let M, 45 5 - pbe basic elementary operator on B(H & K) the set of complex
Hilbert space H @ K.If VU @ V € B(H @ K) with | U ® V Il= 1, A;,C; € B(H),B;,D; € B(K){; €
Wo (Cy), & € Wo(D;) then we have || Myugpcop\B(H & K) I= Supg,ewycpSuPsewymyUSIE: IT A; I B; 11}

Muiruri et al. (2024) investigated the bounds of the norm of an elementary operator of finite length in a tensor
product of C*-algebras using the concept of finite rank operator and properties of tensor product of C*-algebras
and obtained the theorem 2.10.

Theorem 2.10 (Muiruri et al., 2024)
If H and Kare complex Hilbert spaces and B(H @ K), the set of bounded linear operatoron H @ K. If
VXQ®YEeEBH®K)and | X QY lI= 1 then;

n
I T, II= Z A 1B G T Dy |l
i=1

, Where T,, is the Elementary operator of finite length as defined earlier and 4;,C; € B(H) and B;, D; € B(K).

Muiruri et al. (2024) also determine the bounds of the norm of Jordan elementary operator in tensor product of
C*-algebras and obtained that:-

Theorem 2.11(Muiruri et al., 2024)

Let H @ K be tensor product of Hilbert spacesH and KandB(H @ K) be the set of bounded linear operator
ONH®K. ThenvX ® Y € B(H®K) with] X ® Y [I= 1 we have;

| Usgpcop 1= 2 1A TN B I C NI D Il
, where Uy g cop IS the Jordan Elementary operator as defined earlier and 4,C € B(H) and B, D € B(K).

Now, as our main result, we investigate the bounds of the norm of an elementary operator of length two in a
tensor product of Cx-algebras using the concept of finite rank operator and properties of tensor product of C*-
algebras.

Theorem 1.12
Let H @ K be tensor product of Hilbert spacesH and KandB(H ® K) be the set of bounded linear operator
ONHK. ThenVX ®Y € B(HRK) withll X @ Y [I= 1 we have;

2
I T lI= Z IA; IIEB; MEC 1Dy 1l
i=1

, where T, is the Elementary operator of finite length as defined earlier and 4;,C; € B(H) and B;, D; € B(K).

Proof
By definition || T,\B(H @ K) I=sup{l ,(X @ Y) I}, VXQYEBHQK),I X QY =1

IL\BHQK) I2IT,XQY) I, VXQYEBHK,IXQYI=1
Then we have, Ve = 0

ITL\BHQRK) I -e<IT,XQ®YV)I VXQRYEBHRK),IXQYI=1
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2
Il T\B(H ® K) Il —& <l ZAi®Bi(X®Y)Ci®Di I=1l A;®B,; (X®Y)C;®D; + 4,®B,(X®Y)C,®D, |

i=1
Using the property of tensor product of operators, A;®B;(X®Y) = A;X®B,Y, then;
Il T,\B(H® K) Il — <l A, XC,®B,YD; + A,XC,®B,YD, |
Therefore by triangular inequality;
Il L\B(H ® K) | —¢ <ll A, XC,®B,YD, |l +1l A,XC,®B,YD, |l
Clearly, using the tensor product property that I| A;XC;®B;YD; =l A;XC; Il B;YD; |l
Then;
Il T,\B(H ® K) Il —& <Il A;XCy Il ByYDy Il +1I A,XC, Il B,YD, |l
Since € > 0 was arbitrarily taken then
Il T,\B(H ® K) I<Il Ay XCy Il ByYD; |l +1l A,XC, Nl B,YD, |l (2.1

Since: | A;XC; II<Il A; I X NI C; =11 A; Il C; Nl since | X lI=1
Thus;

I A;XC; Il A; IFCi I
Also || B;YD; II<Il B; Il'Y Illl D; II=II B; Illl D; Il since || Y II= 1
Then;

I B;YD; II<Il B; Il D; Il
Thus equation 2.1 becomes

I T, U<IV Ay 0By I Cy Dy IF 1Ay IHE By 1 Co I Dy I
This can be written simply as;
I Ty 1< X2, 0 A; B MG Dy i (2.2)

Conversely, let there exist unit vector (e®f) of H ® K where e € H and f € K then

I T,(X®Y)(e®f) I<Il T,(XQY) Il (e®f) I<I T, Il (XQY) Il (e®f) 1= T, M X WY Ul el f 1=l T, I
Reversing the above equation becomes;

I T, 121l T,(X®Y) (e®f) lI=Il {A;®B;(X®Y)C,®D; + A,®B,(X®Y)C,®D,}(e®f) I

=l A;®B; (X®Y)C,®D;(e®f) + A,®B,(X®Y)C,®D,(e®f) lI=Il A;XC,e@B, YD, f + A,XC,e@B,YD,f |

Therefore;
Il T, 12Nl A,XC,e®B, YD, f + A,XC,e®B,YD,f |l (2.3)

Thus if we square both sides of equation (2.3):
Il T, I>=1l A, XC,e®B, YD, f + A,XC,e®B,YD,f I
= (A1 XC,e®B, YD, f + A,XC,e®B,YD,f,A;XC,e®B, YD, f + A,XC,e@®B,YD,f)
= (A1 XC,e®B, YD, f,A;XC,e®B, YD, f + A,XC,e®B,YD,f) + (A,XC,e®@B,YD,f, A, XC,e®B, YD, f + A,XC,e@B,YD,f)
= (A;XC,e®B,YD,f, A XC,e®B,YD,f) + (A, XC,e®B,YD, f, A, XC,e®@B,YD,f) + (A, XC,e®B,YD,f, A, XC,e®B,YD, f)

+(A,XC,e®B,YD,f, A, XC,e@®B,YD,f)
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Since (X, ®Y;, X,®Y,) = (X;, X, XY;, ¥, )then:
= (A, XC,e, A, XC,eXB, YD, f, B, YD, f) + (A, XCye, A, XCoe){B, YD, f, B,Y Dy f) + (A,XCre, A, XC1e)B, YD, f, B, YD, f)
+(A,XCye, A, XCre)(B,YD,f,B,YD,f)
=|l A, XC.e II2ll ByYD;f I+ (A, XC,e,A;XC,e){B, YD, f,B,YD,f) + (A, XC,e,A; XC,e){B,YD,f, B, YD, f)

+1l A,X Coe 11l B,YD,f 117(2.4)
Now, let u;, v;: H — R* be functionals for i = 1,2
Choose vectors y, z € H and define finite rank operators 4; = u;®y and C; = v;®z on H for i = 1,2by
Aie = (W;®@y)e =u;(e)yVe € Hwith |l y Il=1i = 1,2and C;e = (v;®z)e = v;(e)zwith || z I|= 1i = 1,2
Observe that the norm of 4; for i = 1,2is:
Il A; I=sup{ll (w;®@y)ell:e €H, Iy l=1}
=sup{lly;(e)y ll:e € H, Il y II= 1}
= sup{|lw;(e)| ly ll:e € H,I y lI=1}
= sup{|u;(e)l:e € H} = |u;(e)|
Thatis Il 4; l= |u;(e)|V e € H with i = 1,2
Likewise, the norm of C;is|l C; lI= |v;(e)|Ve € H with i = 1,2
From Equation 2.4 above then:
Il A1 XCre IP=Il (u, ®y)X (v, ®2)e |17
=l (w, ®y)Xvy(e)z II?
=l v, (e)(u; ®y)X(2) 112
= v (@ I| W, ®)X(2) I?
= v Il u, X @)y I?
= |1 [u (X@) 1 Iy 117
= w1 () |uy (X(@))1* =1l Ay 121 €, 112
Thus Il A, XCie lI?=Il A, 1121l C; II? (2.5)
Thus using the same concept also:
Il ByYD, f 12=Il By I Dy 2 (2.6)
Il A,XCre 12=11 A, 1211 C, 112 (2.7)
Il B,YD,f =l B, II*ll D, II? (2.8)
Also: (A, XCre, A, XCre) = (1, ®@y)X (v, ®2)e, (U, Q)X (v,®2)e)

={(w,®y)Xv,(e)z, (u,®y)Xv,(e)z)
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= (v1(e)(w; ®Y)Xz, v, (e) (U, y)Xz)

= (v1(e)uy (X(2))y, v2(e)uz (X(2))y)

= v;(e)uy (X(2)v,()uz (X (2))(y, ¥)

= v, (e)u; (X(2) v, (e)u, (X (2))
Since v; (), u; (X (2)), v, (e) and u, (X (2)) are all positive real numbers, we have:
vi(e) = vy ()l =1 € I, (X(@) = |u, (X@)| =1 Ay I, v,(e) = |v,(e)] =1l C; Il and
U (X(@) = |u(X@)| =1 4, 1
Thus we have (4,XC;e, A,XCye) = v, (e)u; (X(2))v,(e)u, (X(2)) =1 Cy 1l Ay 1l Cy 11 Ay I
Since the norms of A4; and C; for i = 1,2are scalars then :
(A1XCie,AyXCre) =1l Ay Il Az 1INl Cy 1IN C, 11(2.9)
Hence using the same concept as above then:
(B;YD;f,B,YD,f) =l By llll B, Il Dy llll Dy |l (2.10)
It then follows that {4,XC,e, A, XC e) = {(u,®y)X(v,®2)e, (u; ®Y)X (v, ®z)e)

= (U, ®y)Xv,(e)z, (u,®y)Xv,(e)z)

= (v,(e)(U, ®y)Xz,v,(e)(u, ®y)Xz)

= (vy(e)u, (X(z))y, v, (@u (X (2)y)

= v,(e)u, (X (2)) vy (e)u X(2))(y, ¥)

= v,()u, (X(2)Jvy (s (X(2)) =1 C; Il Az Il €y I Ay I

Since the norms of A4; and C; for i = 1,2are scalars then :
(A,XCre, A1 XCie) =l Ay LAz NG G I (2.10)
Thus using the same concept then:
(B,YD,f,B,YD;f) =Il By Il B, Il Dy Il D, I (2.12)
Thus substituting equations 2.5 to 2.12 in 2.4 then
I T 12211 Ay 121 By 120 Cy 121 Dy 12 41 Ay I By 1 Cy Dy A I By WGy NN Dy I +
Il Ay I By I Cy Dy A I By I Cy I Dy Il +11 Ay 1211 By 1211 C, 111 D, 12
I Ty 1220 Ay 121 By 121 Cy 021 Dy 12+ 2 1 Ay I By I Cy Dy Ay I By I Co WL Dy Il 1 Ay W21 By 121 Co 121 Dy 12
This implies that:
I T, 12={A; 10 By I Cy WDy Il 1 Ay 1By Nl Co I Dy 11}
Thus obtaining square root in both sides:

I Ty =00 Ag W By W Cy 11Dy I +10 Ay B HECy WDy I
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Finally, it’s clear that:
Il T, 1= X2-; I A; Il B; Ml C; NIl D; 11(2.13)

From (2.2) and (2.13) then

2
I T,\B(H®K) ll= Z Il A; I B M C; il D; I

i=1

CONCLUSION

From the main result the paper have extended the definition of elementary operator in tensor product of C*-
algebras to other examples of elementary operators and determined the bounds of the norm of elementary
operator of length two in tensor product of C*-algebras. The norm of other types of elementary operator like left
and right multiplication operators and inner and general derivation operators in tensor product of C*-algebras
can also be determined.

Acknowledgement: | wish to most sincerely thank Dr. King’ang’i, Department of Mathematics and Computer
science, University of Eldoret, for his unmeasurable contributions in development of this work.

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics 8



ON THE NORM OF ELEMENTARY OPERATOR OF LENGTH TWO IN TENSOR PRODUCT OF C*-ALGEBRAS

REFERENCES

[1] Daniel, B., Musundi, S., and Ndungu, K. (2022). Application of Maximal Numerical Range on Norm of
Basic Elementary Operator in a Tensor Product. Journal of Progressive Research in Mathematics, 19(1)
:73-81.

[2] Daniel, B., Musundi, S., and Ndungu, K. (2023). Application of Maximal Numerical Range on Norm of
Elementary Operator of length Two in a Tensor Product. International Journal of Mathematics and
Computer Research, 11 :3837-3842.

[3] Kawira, E., Denis, N., and Sammy, W.(2018).On Norm of Elementary Operator of finite length in a C »-
algebra. Journal of Progressive Research in Mathematics, 14 :2282-2288.

[4] King’ang’i, D.(2017).0On Norm of Elementary Operator of length two. International Journal of Science and
Innovation Mathematics Research, 5 :34-38.

[5] King’ang’i, D., Agure, J., and Nyamwala, F.(2014). On Norm of Elementary Operator.Advance in Pure

Mathematics, 4(2014) :309-316.

[6] Muiruri, P., Denis, N., and Sammy, W. (2018). On Norm of Basic Elementary Operator in a Tensor
Product. International Journal of Science and Innovation Mathematics Research, 6(6) :15-22.

[7]1 Muiruri, P., Denis, N., and Sammy, W. (2024). On Norm of finite length Elementary Operator in a Tensor
Product of C*-algebras.International Journal of Mathematics and Computer Research, 12:3991-3995.

[8] Muiruri P. G. et al., (2024). On Norm of Jordan Elementary Operator in a Tensor Product of C*-algebras.
Int. J. Mathematics. 07(04), 01-10

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics



